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Representation, Ranking, Distance, and Similarity of L-R 

type fuzzy number and Application 
* **

Shan Huo Chen and Chih Hsun Hsieh 
Department of Shipping and Transportation Management, National Taiwan Ocean University, 

2, Peining Rd., Keelung, 202 Taiwan 
E-mail: shchen@mail.ntou.edu.tw. 

Department of Information Management, Aletheia University, 
32, Chenli Street, Tamsui 251, Taipei, Taiwan. 

E-mail: mailto:jury@email.au. edu.tw. 

Abstract 
Generalized L-R type fuzzy nwnber is applied on data 
analysis, artificial intelligence, and decision making 
widely. Since the graded value of membership function is 
the spirit of fuzzy set, fuzzy number, or fuzzy logic etc .. 
graded mean integration representation based on graded 
mean h-level values of generalized L-R type fUzzy nwnber 
is introduced for representing the generalized L-R type 
fuzzy number. We propose a new method of ranking 
generalized L-R type fUzzy nwnber by using graded mean 
integration representation, and prove some ranking 
properties. The distance measure of generalized L-R type 
fUzzy number by using graded mean integration 
representation is presented, and we show some distance 
properties. In addition, a new similarity measure of 
generalized L-R type fuzzy number based on a graded 
mean integration representation distance is proposed, and 
some similarity relations are proven, too. Moreover, 
some fuzzy nwnbers are given to compare our new 
methods with several different methods for representation, 
ranking, and distance of generalized L-R type fuzzy 
numbers. It shows that our graded mean integration 
representation method not only improve some drawbacks 
of the existing methods, but also meet the classical 
representation, ranking, and distance meaning in the field 
of real nwnber system. 

Keywords: Fuzzy Number; Representation; 
Defuzzitication; Ranking; Ordering; Distance; 
Similarity 

1. Introduction 
Most decision making cases, the datum obtained for 
decision maker are fuzziness. In 1965, Zadeh (31] 
introduced the concept of fuzzy set theory to solve those 
problems. In i978, Dubois and Prade (13j defined any 
one of the fuzzy nwnber as a fuzzy subset of the real line. 
ln 1980, Adamo [l] and in 1989, Campos et al. (3] 
discussed a-preference of fuzzy number for representing 
fuzzy number. In 1981, Yager [29] discussed two indexes 
of fuzzy number that included center of gravity of fuzzy 
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nwnber and mean value of fuzzy number. ln 1988, 
Kaufinann et al. (21] and in 1997, Chen [10] used average 
of four vertex values of trapezoidal fuzzy number to 
represent trapezoidal fuzzy nwnber. In 1988, Lee et al. 
[24] proposed both the mean and dispersion of alternatives, 
and give two groups of indices based on the uniform and 
the proportional probability distributions. In 1992, Liou 
et al. [25] proposed total integral value generated by the 
left and right integral value of fuzzy number for 
representing the fuzzy number. In 1997, Heilpem [16] 
presented the notions of the expected value based on the 
lower and upper expected values of fuzzy number. In 
1998, Delgado et al. [12] proposed a representing method 
combined by a reducing fimction and the interval ofr-cuts 
of fuzzy nwnber. ln this paper, graded mean integration 
representation uses "grade" as weight of the average of left 
and right h-Ievel values of generalized L-R type fuzzy 
nwnber to represent the generalized L-R type fuzzy 
number. Furthermore, we derive formulae for calculating 
the representation of generalized trapezoidal fuzzy number 
and generalized triangular fuzzy number. 
In decision science, ranking fuzzy numbers is a very 
important procedure for decision making in a fuzzy 
environment. Many fuzzy ranking methods have been 
proposed in the literature. In 1976 and 1977, Jain [14, 15] 
proposed a method by using the concept of maximizing set 
to order fuzzy numbers. In 1980, Adamo [1] introduced a 
ranking method with a-preference of fuzzy sets. ln 1981, 
Yager (29] proposed a method of ranking fuzzy numbers 
by using center of gravity of fuzzy nwnbers or by mean 
value o£ In 1985, Chen [8] introduced ranking fuzzy 
numbers with total utility values based on Maximizing set 
and Minimizing set. In 1988, Lee et al. [24] considered 
the order of fuzzy nwnbers are determined based on both 
the mean and dispersion of alternatives and two groups of 
indices based on the uniform and the proportional 
probability distributions. In 1989, Buckley [2] discussed 
fuzzy ranking of fuzzy numbers based on interval of a-cuts 
of fuzzy number. In 1989, Campos et al. [3] discussed a 
ranking rule by using Adamo's a-preference of fuzzy 
number [1]. ln 1989, Tseng et al. [28] designed an 
algorithm to rank any number of fuzzy nwnbers. In 1990, 
Kim et al. [22] suggested a method combined by 
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maximizing possibility and minimizing possibility with an 
index of optimism kin [0, I] for comparing fuzzy numbers. 
However, when the index of optimism k equal to 0.5, the 
method of Kirn et al. and the method of Cben's [9] are the 
same. In I990, McCahon et al. [26) proposed the 
proportion of fuzzy number ranking procedure measures 
the fuzzy number under comparison with the fuzzy ideas 
of max and min. I992, Liou et al. [25] proposed a ranking 
method generated by the left and right integral values of 
fuzzy number. In 1994, emphasis is placed on the 
classification and comparison of some ranking methods in 
(Chang and Lee [4]). In 1997, Heilpem [16] introduced a 
method induced by a distance and a horizon set for ranking 
two fuzzy numbers. In I998, Cheng [11] proposed a 
ranking function by distance index based on original point 
and the centroid point (Xo. y0) of fuzzy number. Now, we 
present a method of ranking generalized fuzzy number by 
using graded mean integration representation of 
generalized fuzzy number. 
In 1991, Kaufmann et al. [2I] considered a distance of two 
fuzzy numbers combined by the interval of a-cuts of fuzzy 
number. In I997, Heilpern [16] proposed three 
definitions of the distance between two fuzzy numbers. 
These include (1) mean distance method that is generated 
by expect values of fuzzy number, (2) distance method that 
is combined by a Minkowski distance and the h-levels of 
the closed intervals of fuzzy number, and (3) geometrical 
distance method that is based on the geometrical operation 
of trapezoidal fuzzy numbers in the case of trapezoidal 
fuzzy number. In this paper, the distance between two 
generalized L-R type fuzzy numbers based on the absolute 
value of difference of the graded mean integration 
representations of two generalized L-R type fuzzy numbers 
is introduced. 
In 1971, Zadeh [30] introduced similarity relation to 
specify the degree of similarity between elements of a 
universe. In I997, Kolesarova (23] proposed coefficient 
similarity of fuzzy numbers by using the concept of 
similarity to consider the similar degree of two 
membership functions in geometrical sense. Here, we 
present a new similarity of generalized L-R type fuzzy 
number by using a graded mean integration representation 
distance. 

2. Representation of 
fuzzy number 

2.1 Graded mean 
representation 

L-R type 

integration 

In general, a generalized L-R type fuzzy number A is 
described as any fuzzy subset of the real line R., whose 
membership function J.1A satisfies the following conditions. 

(1) J.lA is a continuous mapping from R to the 

closed interval (0, I] , 
(2) J.lA(X)=O, -<Xl <X ::;; C, 
(3) J.1A(x)=L(x) is strictly increasing on [c, a] , 
( 4) J.1A(x)=w, a::;; x ::;; b, 
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(5) J.1A(x)=R(x) is strictly decreasing on [b, d], 
(6) J.1A(x)=0, d::;; X< oo, 

where O<w$1, and a, b, c, d are real numbers. This 
generalized L-R type fuzzy number is denoted as A= (c, a, 
b, d; w>t.R. When w=l , we denote A= (c, a, b, dh.R. 
When one say "greater or less than 1000", but has 90% of 
confidence only. We can give w=0.9. 

Let L-
1 and R-

1 
be the inverse functions of the functions L 

and R, respectively. Then the graded mean h-level value 
of generalized L-R type fuzzy number A=(c, a, b, d; wh.R 
is h[L-1(h)+R-1(h)]/2 as in Figure 1. 

Now, we define the representation of a generalized L-R 
type fuzzy number based on the integration value of 
graded mean h-levels as follow. 

Defmition 1: Let A= Jc, a, b, -~; w)LR be a generalized L·R 
type fuzzy number, L and R be the inverse functions of 
the functions L and R respectively. Then the 
representation of A is 

P(A) = rh (kL-
1
(h)+(l-k)R-

1
(b)) dhl r hdh, 

where his between 0 and w, O<w::;;I , 0 ~ k :$ I,. We call 

P(A) as graded k-preference integration representation of 

fuzzy number A. 

Remark 1: When k=l/2 in Definition 1 then we call P(A) 

as graded mean integration representation of A. The value 

of k depended on the preference of decision maker. But we 

prefer k= 112, since it does not bias to left or right. 
-1 -1 

Remark l: When L (h) or R (h) does not exist, or 

w L-1(h)+R-1(h) r h( ) dh cannot integrate, we can divide Jo 2 

[0, w] into n equal intervals, and let 

Ln i -1 i -1 i 
P(A)=[ w(-)(L (w-)+R (w - ))/2]/ 

n n n 
i=l 

n . L w(~). 
i=l 

Remark 3: From definition of generalized L-R type fuzzy 
number in Definition 1, we restrict -oo<c::;;a::;;b::;;d<oo. 

2.2 The graded mean integration 
representation of trapezoidal fuzzy 
number, and triangular fuzzy number 
In this paper, generalized trapezoidal fuzzy number and 
generalized triangular fuzzy number are denoted as ( c, a, b, 
d; w) and (c, a, d; w) respectively. Now, we 1Iy to find 
the general formulae for the representation of generalized 
trapezoidal fuzzy number, and generalized triangular fuzzy 
number. 
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First, suppose the membership function of A= (c, a, b, d; 
w) is 

w(~). 
a- c 

fA(x) = 
w, 

w(~), 
b-d 

0, 

Since, 

L(x) = w(~), 
8-C 

x-d R(x) = w(-- ), 
b-d 

c!>x!>a, 

a!>xs;b, 

bsxsd, 

otherwise. 

c~x~a,and 

b~x~d, 

then 
·I 

L (h)=c+(a-c)hlw, O~h~w. 
-I 

R (h)= d- (d- b)h/w, O~h ~ w, 

The graded k-preference integration representation of A is 

Plc( A) 

= rh (k:L-
1 
(h)+(l-k)R-

1
(h)) db I rh db 

=[k(c+2a)+(I-k)(2b+d)]l3. 

When k= 112 then the graded mean integration 
representation of A is 
P(A) 

= J wh ( c+d+(a-c-d+b)hlw) dhiJ whdh 
0 2 0 

c + 2a + 2b + d 
6 

(I) 

(2) 

The generalized triangular fuzzy number Y=(c, a, d; w) is a 
special case of generalized trapezoidal fuzzy number when 
b=a Therefore the graded mean integration 
representation ofY becomes 

P(Y) 
c+4a+d 

6 

2.3 Comparison 

(3) 

Now, we choose some famous methods for representing 
normal trapezoidal fuzzy number A = (c, a, b, d), or 
generalized trapezoidal fuzzy number A = ( c, a, b, d; w) in 
(1, 3, 10, 12, 16, 21, 24, 25, 28) as follows. 
In 1980, Adamo and in 1989, Campos et al. have discussed 
the k-preference index Fk of fuzzy number as 
Fk(A) = kb + (1-k)d, (4) 
where level ke[O, I]. 
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In 1981, Yager has discussed two indexes of fuzzy number 
A as foUows. 
First, the center of gravity of A is 

I,(A)= J: g(x)JJ.A(x)dx I J: JlA(x)dx, (5) 

where the weight g(x) is a measure of the importance of 
the valuex. 
Second, the other index of A is 

(6) 

where ct.n.x= hgt(A), [ar.<">, ~<"1 is the a-level set of A, 
and M[ar.<a>, ~<a>] is the mean value of the element of that 
a-level. 
In 1988, Kaufmann et al. and in 1997, Chen have 
discussed a defuzzification method for A as 

(c+a+b+d)l4. (7) 

In 1988, Lee et al. considered both the mean and standard 
deviation (dispersion) of a fuzzy event, and give two 
probability measure based on the uniform and proportional 
probability distribution. First, the probability density 
function for uniform distribution is 

ftx)=dp I dx = 1/IAI, 
where p is a probability measure. 
Then the mean of fuzzy number A is 

m,(A)= J A XJ!A(x) dx I J A JlA(x) dx, 

and the dispersion of A is 

G,(A)= [ J A ~JlA(x) dx I 

J 
Ill 

A J.LA(X) dx- m.?( A)) . 

(8) 

(9) 

Second, the probability density fimction for proportional 
distribution is 

f(x)=dp I dx = CJ.tA(x), 

where c is the proportional constant. 
Then the mean of fuzzy number A is 

ffip(A)= I A XJ.tA2(x) dx I I A JJ./(x) dx, 

and the dispersion of A is 

Gp(A~ [I A x2JJ.A2(x) dx I 

I 2 2 In JlA (x) dx - mp (A)) . 
A 

(10) 

(11) 

In 1992, Liou et al. have defmed the total integral value of 
a-cuts of A. The right and left membership function of A 
are f and f , and the inverse function of f and f are gL 
and !f respectively. The left and right integral value of A 
are 

Australian Journal of Intelligent Processing Systems 



220 

MA)= J; gR (wy) dy. 

Then, the total integral value with index of optimism a is 
defined as 

h"(A) = aiR(A) +(l-a.) k(A), (12) 

where ae[O, 1]. 
In 1997, Heilpem has given the notion of the expected 
value of A The lower and upper eJo..-pected values of A are 

E.( A) = a--L: L(x) dx and E* (A) 

= b+ J: R(x) dx. 

Then, the expected value of A is 

EV(A) = (E.( A) + E\A)) I 2. (13) 

In 1998, Delgado et al. have discussed value of fuzzy 
number as 

V.(A) = J; s(a)[l(a) + r(a)] da, (14) 

where s: [0, 1]--).[0, 1] is a reducing function, and [I( a), 
r(a)] is the interval of a-cut of fuzzy number A 
In order to simplify the calculation, we derive the formulae 
of the above representation methods for normal fuzzy 
number, generalized trapezoidal fuzzy number, and 
generalized triangular fuzzy number. We summarize these 
in Table I. 

Some of fuzzy numbers shown in table II are used for 
comparisonof our new graded mean representation with 
the above methods. The corresponding diagram of fuzzy 
numbers are shown in Figure 2. We calculate the 
representation values of fuzzy numbers with the formulae 
in Table I and the datum in Table II by a computer program, 
and summarize the results in Table Ill 

From Table Ill and referring to Table I and Figure 2, we 
can see that 

l. The methods of both Adamo and Campos et al., Yager 's 
center of gravity method, the methods of both Chen and 
Kaufmann et al., Heilpern's expected value method, and 
the method ofDelgado et al. do not consider generalized 
fuzzy numbers with case ofO<w<1, but our new method 
can treat generalized L-R type fuzzy numbers. 

2. The methods of both Adamo and Carnpos et al. only 
discussed the right-shape of membership function of 
fuzzy number, and did not consider the difference of the 
left-shape of membership fimction of fuzzy number. 
Therefore the representations of triangular fuzzy number 
F and G are equal. However, our method shows that F 
>G 

3. Yager's center of gravity method and the method of Lee 
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et al. cannot represent the case of trapezoidal fuzzy 
number (r, r, r, r) such as D and E, because the 
denominator becomes zero when we calculate center of 
gravity of fuzzy number by formula (5), {8), and (1 0). 
But our new method shows that the graded mean 
integration representation values of D and E are 5 and 6 
respectively, our method meets the classical meaning. 

4. The representation of the method of Delgado et al. with 
s(r)=r is identical with our new method for trapezoidal 
fuzzy number and triangular fuzzy number when w=1. 
However, our graded mean integration representation 
has different original concept. In addition, Delgado et 
al. did not consider the representation of generalized L-R 
type fuzzy number with O<w<l. 

5. Although Yager's mean method with llmax, and the 
method of Liou et al. consider the representation of 
generalized fuzzy number. The representation value of J 
(9.45) by Yager's mean method looks bias to left. The 
method of Liou et al. with a=O. 3 and a=O. 9 is 10.1 and 
11.3 respectively, these show that the representation of 
fuzzy number sometimes bias to left, or right depend on 
a. However, our graded mean integration 
representation value ofJ is 10.5. 

3. Ranking L-R type fuzzy numbers 
with graded mean (k=1/2) 
integration representation 
Now the ranking method based on graded mean integration 
representation of generalized L-R type fuzzy number is 
introduced. We call this new method as graded mean 
integration representation ranking method. 

Definition 2: Suppose A and B are two generalized L-R 
type fuzzy numbers, and P(A) and P(B) are the graded 
mean integration representation of A and B respectively. 
Then A is greater than B, denoted A> B, if and only if, 
P(A) > P(B). 

Definition 3: Suppose A and B are two generalized fuzzy 
numbers, and P(A) and P(B) are the graded mean 
integration representation of A and B respectively. Then 
A is equal to B, denoted A= B, if and only if, P(A) = P(B). 

Property 1: Suppose there are n alternative generalized 
L-R type fuzzy numbers, and let F = {A; I i=l, 2, ···, n}. 
Then F is an inductive order set with the fuzzy order ~ 

Proof. (F, ~)is a partially ordered set, if and only if 
(i) A;~ Aj or A_;~ A;, V A;, A_;eF, 
(ii) if A; ~ A;, and Ai ~ A;, 

then A; = Aj, V A;, A; E F, 
(iii) if A;~ Aj, and Aj ~At., 

then A; ~ A.c, V A;, A;. A.c EF. 

To prove (i), for any A;, AjEF, then 
Either P(A;);;:1>(Aj) or P(A;~P(A;), these imply that either 
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A; ~A;, or Aj ~ ~ hold by Definition 2 and 3. 
To prove (ii), since A; ~ A;, and A; ~ ~ then 
P(AJ:<::P(Aj) and P(Aj~P(A;), these imply P(A;)=P(A;) that 
is A; =A;. 
To prove (iii), since ~ ~ A;, and A; ~ ~. then 
P(AJ>_p(A;) and P(A;):<::P(AJ, these imply P(A;):<::P{AJ 
thatis~~~-

Therefore, (F, ~) is a totally ordered set, hence F is an 
inductive ordered set. 

Property 2: There exists a maximum element and 
minimum element in F with the fuzzy order~-

Proof Since F is an inductive ordered set, by Property 1, 
there exists a maximum element. In order to show that 
there is a minimum element in F, let F' ={- A; I A; eF } . By 
Property 1 again, there exists a maximwn element in F' i.e. 
there exists a minimum element in F. 
From the previous properties, we can rank the elements of 
F with the fuzzy order ~- It is very useful in decision 
making under the vague environment. 

Due to space limitation, we only consider some recent 
ranking methods offuz.zy numbers in [I, 2, 3, 8, 11, 16, 22, 
24,25,29]. 

In 1980, Adamo and in 1989, Campos et al. discussed a 
ranking method based on the k-preference index Fk of 
fuzzy number as 

A ;S; B with level k e [0, 1] if and only if Fk(A) ;S; FJ<(B), 

where Fk(A) and Fk(B) are the k-preference indexes Fk of A 
and B by formula (4) respectively. 

In 1981, Yager proposed a ranking function by using index 
of fuzzy number as 

A ;S; B if and only if I( A) $ I(B), 

where I( A) and I(B) are the indexes of A and B by formula 
(5) or (6). 

In 1985, Chen presented total utility value by using 
maximizing set and minimizing set to rank fuzzy number. 
The maximizing set and minimizing set of generalized 
fuzzy number B;=( Ci, a;, b;, d;; wJ, i= 1, 2, · · · , n are defmed 
as M={(x, PM(x))lxeR} and G={(x, JJo(x))lxeR} with the 
membership function respectively 
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{ 

(x-x \ 
W maxi ' Xmin ~X~~ 

J.lo(X) = {"mm -XmmJ 
0, otherwise, 

where w =min{w;, i=I, 2, ···, n}, S;= {x I JlBi(x) > 0 }, S = 
uS;, and x...a,.= sup S, xmin = inf S. 

Then, the right utility UM(BJ and the left utility Ua(B;) of 
each fuzzy rating B; are defined by 

UM(BJ = sup ( JlBi (x) A f.lM(x) ) and 

Ua(B;) = sup ( JlB; (x) A J..LG(x) ). 

And the total utility value ofB; is 
UT(B;) = ( UM(B;) + w- Ua(B;)) /2 

= WjW/2((di -Xmin)/( Wj(Xmax""Xmin) 
-w( bi- di))+ 11 Wi- (xlll8J(" ci)/ 
( Wi(Xmax-Xmin)+W( 3i- Ci))], 
i=l, 2, ···, n. 

His ranking rules are 
(1) ~is greater than Bj, denote B; >B_;, 
if and only if, UT(B;) > U'!{B;) or 
Uy(BJ = Uy(Bj) but llsi > llaj, 

(2) ~ is equal to B;, denote Bi = Bi, 

if and only if, Uy(BJ = U'!{B;) and a;= a;. 
In 1988, Lee et al. proposed the ordering rule of fuzzy 
nwnbers determined based on both the mean and 
dispersion of fuzzy number for the uniform or the 
proportional distributions as follows. 

(i) if111u(A) < mu(B) or ifmu(A) = mu(B) and 

Gu(A) > Gu(B), then A< B, 

(ii) if lllp(A) < mp(B) or if mp(A) = mp(B) and 

Gp(A) > Gp(B), then A< B, 

In 1989, Buckley introduced a ranking rule by using the 
interval of a-cuts of fuzzy number as 

A> B if and only if Bt. («I > bi"1, 

where A"=['Bt.<a>_ IIR<">:J and B" =[bL<al, ~<«>:J are two 
intervals of a-cuts of A and B, respectively. 

In 1992, Liou et al. proposed a ranking function using total 
integral values of fuzzy number as follows. 
(i) ifh"(A) < ha(B), then A< B, 
(ii) ifiTa(A) = IT"(B), then A= B, 
(iii) if ha( A) > h "(B), then A> B, 

where ha(A) and ha(B) are the total integral values of 
a-cuts of A and B by formula (12), respectively. 

In 1997, Heilpern discussed the definition of ordering 
fuzzy number induced by a distance measure d and the 
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upper horizon H as 

A:SH B <=> d(A, H)~ d{B, H), 
where d(A, H) and d(B, H) is the distance between A and 
H, and between B and H by using the rear formulae {16), 
or ( 11), or ( 18) respectively. 

In 1998, Cheng proposed a ranking function by the 
distance index R based on the distance of original point 
and the centroid point (Xo, y0) of generalized fuzzy number 
A as 

where 

Xo= ( J 
0

8 

xfL(x)dx +Jab xdx + J: x tR(x)dx ) 

I ( J ~ g1(y)dy + J ~ gR(y)dy ), 

where gL(y) and gR(y) are the inverse functions of fL(x) 

and tR(x), respectively . 

In the following using some fuzzy numbers in table 11, we 
compare our graded mean integration representation 
ranking method with other methods such as the method of 
both Adamo and Campos et al. under k=0.5, Yager's center 
gravity method and mean method, Chen's total utility 
value method, the method of Lee et al., mean and 
dispersion method of Lee and Li, Buckley's ranking 
method, the method ofLiou et al. under a=0.3, a=0.5, and 
a=0.9, Heilpem's method under a horizon H={7, 8, 9, 10), 
and Cheng's method. We summarize the ranking results in 
Table IV. 

From Table IV and referring to Figure 2, we find some 
drawbacks of the other methods as follows. 
1. The method of Adamo and Campos et al., Yager's center 

gravity method, Lee and Li's method, Buckley's method, 
and Heilpem's method cannot rank generalized fuzzy 
number with case of O<w<1. But our graded mean 
integration representation ranking method can order 
those, such as the order ofl and J. 

2 .. Buckley's method cannot rank the order ofE, F, and G 
But our ranking method shows that F > G > E. 

3. The method of both Adamo and Campos et al. with 
k-=0.5 shows that F = G Because their method only 
considered the right-shape of membership function of 
fuzzy number, and does not consider the difference of 
the left-shape of membership function of fuzzy number, 
therefore the representation values of triangular fuzzy 
number F and G are equal. But our ranking method 
shows that F > G 
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4. The method of Liou et al. with a=0.3 shows that F > E 
> G, with a=0.5 shows that F > G > E, these show that 
the order depends on the value of a . 

5. Suppose the maximizing set, M, and minimizing set, G, 
of all fuzzy mnnbers in Table 11. When we add another 
fuzzy number with support out the range of support of 
M, or G, then the new maximizing set and minimizing 
set may be changed. Therefore the total utility value of 
fuzzy number will be changed too, hence the ranking 
results of Chen's method may be infested. However, 
our new method does not change the order of the fuzzy 
number when we add or reduce some fuzzy numbers. 

6. Cheng's method shows that C < K. it is wrong, because 
his method did not consider the difference of negative 
fuzzy number and positive fuzzy number. In addition, 
Cheng's method cannot rank the special type of fuzzy 
number (r, r, r, r) or (r, r, r), because his method cannot 
find out Xo of the centroid point (Xo, y0) of fuzzy number 
(r, r, r, r) or (r, r, r). Yager's center gravity method, and 
Lee et al's method also cannot rank fuzzy number {r, r, r, 
r) or (r, r, r), because the denominator is zero. But our 
graded mean integration representation ranking method 
can rank fuzzy number {r, r, r, r), and can meet the 
classical rank meaning. 

4. Distance of L-R wP.e 
numbers with gradetl 
integration represenlation 

fuzzy 
mean 

In order to improve the drawback of the distance measure 
of generalized L-R type fuzzy nwnber, we propose a new 
distance measure of two generalized L-R type fuzzy 
numbers by using graded mean integration representation. 

Definition 4: Suppose A and B are two generalized L-R 
type fuzzy numbers, then the distance between A and B is 
d(A, B)= I P(A)- P(B) I, 
where P(A) and P(B) are the graded mean integration 
representations of A and B, respectively. We ca11 d(A, B) 
as graded mean integration representation distance. 

Property 3: Let A, B, and C be the generalized L-R type 
fuzzy numbers, then graded mean integration 
representation distance satisfies the following relations 

(i) d(A, A)= 0, 
(ii) d(A, B)= d(B, A), 
(iii) if A :5 B :5 C, then d(A, B) :5 d(A, C) 

and d(B, C) .:5 d(A, C), 
(iv) d(A, B) .:5 d(A, C)+ d{C, B). 

Proof. By definition 4, it is easy to check that (i) , (ii), (iii) 
and (iv) are true. 

Now, we study some different distance methods of fuzzy 
numbers in [16, 21] as follows. 

In 1991, Kaufmann et al. have discussed a distance 
measure of fuzzy numbers as 
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d(A, B)= I: (j~(u) - i>J.5"ll + l~(a) -~(a.)l) da, (15) 

where [!IL<a>, ~<all and [br.<a.J, ~<a.1 are the closed intervals 
of a-cuts of fuzzy numbers A and B, respectively. 

In 1997, Heilpern defmed three distance as follows. 
First, the mean distance is 
o(A, B) = I EV(A) - EV(B) j, (16) 
where EV(A) and EV(B) are the expected values of fuzzy 
numbers A and B respectively. 
Second, the distance generated by a Minkowski distance is 

d(A, B) = I: dp(~, 8J db, (17) 

where ~=[~<h>,8R<b1 and ~=[br.<h>, ~(b1 are the closed 
intervals ofh-level of fuzzy numbers A and B respectively, 
and 
dp(~, Bb)= 

f<o.~ '\(h) -ll(h) lP +I ~(h) -~QI) IIJ1": l~p<11i 
1max {I f{(hJ -q_fhJ I· lt{(hJ -4(hJ I }, p=oo. 
Third, the geometrical distance between two trapezoidal 
fuzzy numbers is 
Bp(C, D)= 

{

0.25('t.lci- dr )11 
p for 1 ~ p < oo, 

(18) 

m~x <lci - d1l) for p = oo, 
r 

where C = (c" <>.!, C), c.) and D = (d~o d2. ~. dt) are two 
trapezoidal fuzzy numbers. 

We compare our graded mean integration representation 
distance with Kaufinann's distance, and with Heilpern's 
three distance (mean distance, distance under p=1, and 
geometrical distance under p=2) by using some trapezoidal 
fuzzy numbers, or triangular fuzzy numbers listed in Table 
11. The results are summarized in Table V. 

In general, real number r can be considered as the special 
case of trapezoidal fuzzy number (r, r, r, r). 
Consequentially, fuzzy numbers D and E can be 
considered as the real numbers 5 and 6. From Table V, 
we can see that the d(D, E) of both the Heilpern's 
geometrical distance with p=2 (d(D, E)=0.5) and 
Kaufinann's distance (d(D, E)=2) cannot meet the classical 
distance ( 15 - 61 =1), but our graded mean integration 
representation distance of D and E is d(D, E)=l. In 
addition, the Heilpem's mean distance and Kaufinann's 
method did not consider generalized L-R type fuzzy 
number with O<w<l. However, our graded mean 
integration representation distance method not only can 
calculate the distance between two normal L-R type 
fuzzy numbers, between a normal L-R type fuzzy number 
and a generalized L-R type fuzzy number, and between 
two generalized L-R type fuzzy numbers, but also can 
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meet the classical distance meaning of real numbers. 

5. Similarity of L-R type fuzzy 
numbers with graded mean 
integration representation distance 
A new similarity between any two generalized L-R type 
fuzzy numbers based on the function of the graded mean 
integration representation distance is introduced as below. 

Dermition 5: Suppose A;= (an, au, l!B, a;4; w;)m i=l, 
2, .. ·, n are n generalized L-R type fuzzy numbers. Then 
the similarity between A; and Aj is 

1 
S(A;, A;)= 1 +d(A; ,A;) ' 

where d(A;, A;) is the graded mean integration 
representation distance of A; and A; respectively. We call 
S(A;, Aj) as graded mean integration representation 
similarity. 

Remark 4: S(A;, A;) can also be defined as 

Remark 5: We can easy find that when the graded mean 
integration representation distance of A and B is large 
(small), then the graded mean integration representation 
similarity of A and B is small (large). 

Property 4: S(A;, A;), i, j=1, 2, ... , n satisfY the following 
relations 

(i) o :S S(A;, A;) :S 1, 
(ii) S(A;, A;)= 1, 
(iii) S(Ah A;) = S(A;, AJ, 
(iv) If A; :SA; :S ~. then S(A;, A;)~ S(A;, _A0 

and S(Aj, _80 ~ S(A;, At). 

Proof. It is easy to see that S(A;, ~)satisfies the property 
(i), (ii), and (iii) by Definition 4 and Property 3. 
To prove (iv), by the (iii) of Property 3, 

if A; :S Aj :S ~ then d(A;, A;) :S d(~ _A0 

and d(A;, ~) :S d(A;, AJ. 
Thus, 

S(A;, ~) = ----
1+d(A;,Aj) 

1 

=S(A;,AJ. 

:. S(A;, A;)~ S(A;, AJ. 

Similarly, we can prove that 

S(A;, AJ ~ S(A.;, AJ. 
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For example, A, B, and C are three trapezoidal fuzzy 
numbers in Table 11. Then the graded mean integration 
representation similarity of both A and B, and A and C are 

S( A B) - 1 0 1765 '"" 1+d(A.B) = . ' 

S(A C)- 1 =0.2. 
'"" 1+d(A.C) 

Therefore, C is more similar to A than B. 

6. Application 

In order to simplify the treatment of the fuzzy inventory 

models, we introduce the following variables: 

D: yearly demand, Q: order quantity, E : fuzzy order cost 

(dollars/order), A : fuzzy inventory cost (dolJarslitem 

year). 

Here, we use graded mean integration representation 

method to represent fuzzy total cost, and use Extension 

Principle (or Function Principle) as the fuzzy arithmetical 

operations of fuzzy total cost. Then the fuzzy total cost · 

of the fuzzy inventory model is 

c = E ®D/Q$ A ®D/2, (19) 

where ® and 9 are fuzzy multiplication and addition 
operations with Extension Principle (or Function Principle), 
respectively. _ 
Now, suppose fuzzy inventory cost A= (a~. !l;!, 113, a.), 
fuzzy order cost E = (eh ~. ~. e4) , and fuzzy total cost 
C = (ch c.z, c3, c4) are non-negative trapezoidal fuzzy 
numbers. Then we solve the optimal economic order 
quantity offormula (19) as follo":'s. 

By Extension Principle (or Function Principle), we get 

c = E ®D/Qffi A ®Q/2 

e1D Qa1 e2D Qa2 e3D 
=(Q+2'Q+-2-,Q+ 

Qa3 e4 D Qa4 
2'Q+-2-). 

Then, the graded mean integration representation of C is 

C
- 1 e1D Qa1 2e2D 2Qa2 P( )=- (--+-- +--+--+ 

6 Q 2 Q 2 
2e3D 2Qa 3 e4 D Qa 4 --+--+--+--). 

Q 2 Q 2 
In order to find the minimization of P( C ), the derivative 
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ofP( C) with Q is 

8P(C) = _!. (- e1D +~- 2e2D +!i;!-
oQ 6 Q2 2 Q2 

2e3D e4D a4 --+ 113 - --+-) Q2 Q2 2 . 

Let 0 :~) = 0, it becomes 

1 1 
--2 ( etD+ 2e2D+ 2e3D+ e.J)) +- (a1+ 

Q 2 
2a2+ 2a3+ ~) = 0. 
Hence, the optimal economic order quantity is 

When costs are all real numbers, that is a1=a2=8:J=a..=A. 
and e1=ez~=e4=E, then 

Q* = ~2~D . 

7. Conclusion 
Here, we have already stress out that our graded mean 
integration representation uses "grade" to represent the 
importance of each point of support set of generalized L-R 
type fuzzy number. Some important properties of ranking, 
distance, similarity of generalized L-R type fuzzy number 
are proven. Comparison our new representation method, 
ranking method, and distance method with several existing 
methods shows that our new methods have relieved some 
drawbacks of the existing methods. Moreover, our 
representation, ranking, distance, and similarity methods 
not on1y treat n trapezoidal fuzzy numbers, but also do not 
change the results of representation, ranking, distance, 
similarity values after addition/deletion of a trapezoidal 
fuzzy number into (from) the original trapezoidal fuzzy 
numbers group. 
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A 

0 c L 1(h) a (L-1(h)+R-1(h))/2 b R-1(h) d x 
Fig 1 The graded mean h-level value of generalized fuzzy number A= (c, a, b, d; wh. 

-5 ~ ~ ~ -1 1 2 3 4 5 6 7 8 9 10 11 12 

Fig. 2 The membership functions of generalized fuzzy numbers in Table 11. 

Generalized Generalized Triangular Trapezoidal fuzzy triangular trapezoidal Representation method fuzzy number number (c, a, b, d) fuzzy fuzzy number (c, a, d) number 
(c a, d· w) (c, a, b, d; w) 

Graded mean integration (c+2a+2b+d) representation of Chen and (c+4a+ d)/6 (c+2a+-2b+ d) /6 (c+4a+ d)/6 
Hsieh (formula (2)and_i3)) 16 

The method of both Adamo 
and Campos et al. (formula ka+(I-k)d kb+(l-k)d • * 
l(4)) 
Yager's center of gravity with (c+a+d)/3 (b2+bd+d2-a2-ac-c1 • * lg(x)=x (formula (5)) /(3(b+d-c-a) 1 
Yager's mean with a.nax (c+2a+ d)/4 (c+a+b+d)/4 w (c+2a+ d) w(c+a+b+d)/ 
!(formula (6)) /4 4 
The method of both Kaufinann (c+2a+ d)/4 (c+a+b+d)/4 • • et al. and Chen (formula (7)) 

m..=(b2+bd+d2 -a2 -ac-CZ 
The method of Lee et al. m..=(c+a+d)/3; )/[3(b+d-c-a) ]; 

* * (formula (8), (10)) mp=(c+2a+ d)/4 ~np=(3b2+2bd+d2-3a2-2 
ac-c2)/[ 4(2b+d-c-2a)] 

The method of Liou et al. [a.d +a+(l-a.)c] [a.(b+d)+(l-a.)( c+a)]/ [a.d+a+(l-a.) [ a.(b+d)+( 1-
[(formula (1 2)) /2 2 cl I 2 a.)( c+a)1/2 
Heilpem's expected value (c+Za+- d)/4 (c+a+b+d)/4 * * [(formula (13)) 
The value method ofDelgado (b+a)/2+[ (d-b )-(a-c)] et al. with s(a.)=a. (formula (c+4a+ d)/6 • • 
(14)) /6 

Note:"*" means that the method does not consider generalized fuzzy number with O<w< l. 

Table I The formulae of representation of fuzzy number. 
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Table 11 Example of generalized fuzzy numbers. 

Representing method 
Reoresentation of fuzz number 

A B c D E F G I J K 
Graded mean integration 
representation of Chen and 7.333 2.667 3.333 5 6 7 6.667 10.5 10.5 -3.667 
Hsieh 
The method of both Adamo 9 5.5 4.5 5 6 8 8 11.5 * -2.5 
and Campos et al. with k=O. 5 
Y~er's center of gravity 6.296 3.704 3.2 # # 7 6.333 10.5 * -3.333 
Yager's mean with a..- 6.75 3.25 3.25 5 6 7 6.5 10.5 9.45 -3.5 
The methods of both Chen 6.15 3.25 3.25 5 6 7 6.5 10.5 * -3.5 
and Kaufmann et al. 
The method of Lee et al. m,= 6.296 3.704 3.2 # # 7 6.333 10.5 • -3.333 

m,= 6.925 3.075 3.292 # # 7 6.5 10.5 * -3.5 
The method of Liou et al. 5.85 2.35 2.75 5 6 6.6 5.9 10.1 10.1 -3.9 
witha.=0.3 
The method of Liou et al. 6.75 3.25 3.25 5 6 7 6.5 10.5 10.5 -3.5 
with a.==0.5 
The method of Liou et al. 8.55 5.05 4.25 5 6 7.8 1.1 11.3 11.3 -2.7 
with a.=0.9 
Heilpern's expected value 6.75 3.25 3.25 5 6 7 6.5 10.5 • -3.5 
The value method of 7.333 2.667 3.333 5 6 7 6.667 10.5 • -3.667 
Del~ado et al. with s(a.)==a. 

Note: "*" means that the method does not cons1der generalized fuzzy number with case ofO<w<l. 
"#"means that the denominator of formula (5), (8), and (10) become zero 

Table m Comparison of some representation methods. 
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Ranking method The order of A, B, The order ofE, F, The order of A The order The order 
andC andG andF ofl and J ofC and K 

The graded mean 
integration A>C>B F > G>E A>F I=J C>K representation of Chen 
and Hsieh 
The method of both 
Adamo and Campos et A>B>C F=G>E A>F • C>K 
al. with k.=0.5 
Yager's center gravity A>B>C I1(E)=# A<F • C>K impliesF > G 
Yager's mean A>B=C F>G>E A<F I>J C>K 

th(A) = 0.608, IJ,{E)=0.582, Ul{A)=0.608, 
Ul{I)=0.802, 

Ul{C)=0.438 
Chen's total utility Ul{B)=0.429, and U,(F)=0.618, and Ul{F)=0.618 U,(K)=O.l14 
value Ul{C)=0.438 implies Ul{G )=0.589 implies implies Ul{J)=0.8, implies 

A>C>B F>G > E A<F implies I> J C>K 
The method of Lee et A>B>C m.. (E)=# A<F • C>K al. with m.. impliesF > G 
The method of Lee et A>C>B Inp(E)=# A<F • C>K 
al. with mp impliesF> G 

A"=[7.3, 9], B"=[l, 
E"=[6, 6], F"=[6.8, 7.2], A"=[7.3, 9], 

c "=[2.8, 4.1] 
Buckley's method 2.11 and c" =£2.&, 4. IJ 

and o"=£6.6, 7.2],tberefore F"=£6.8, 7.2] • K"=[-4.1,-2.8] 
witha=0.9 implies implies 

A>C>B those can not rank. implies A>F C>K 
The method of Liou et A>C>B F>E>G A<F I=J C>K al. with a=0.3 
The method of Liou et A>B = C F>G>E A<F I = J C>K al. with a=0.5 
The method of Liou et A>B>C F>G>E A>F l=J C>K al. with a=O. 9 

<J(A, H)=1.75, <J(B, H) 
<J(E, H)=2.5, a(F, H)=l .5, <J(A,H)= I. 75, 

<J(C,H)=5.25 
Heilpern's method by = 5.25 , and <J(C, H) 

and <J(G, H)=2 implies <J(F ,H)=l.5, • <J(K,H) =12 
mean distance =5.25 implies F>G>E implies A< F implies 

A>B=C C>K 
Heilpern's method by d1(A,H)=l.75, d,(E,H)=2.5, 

d,(A,H)= I. 75, 
d1(C,H)=5.25 

distance measure with d1(B,H)=5.25, and d1(F,H)=l.5, and 
d1(F ,H)= 1.5 • d1(K,H)=ll.5 

p=I d1(C,H)=5.25 implies d1(G,H)=2 implies implies A< F implies 
A>B=C F>G>E C>K 

Heilpern's method by &z(A,H)= 1.52, &z(E,H)=l.37, 
&z(A,H)=l.52, 

8:z(C,H)=2.63 
geometrical distance 8:z(B,H)=2.91 , and &z(F,H)=0.79, and 

8:z (F,H)=O. 79 • 8:z(K,H)=5. 8 
withp=2 llz(C,H)=2.63 implies &z( G,H)= 1.17 implies implies A< F implies 

A>B>C F>G>E C>K 
R(A) = 6.320, R(E)=#, 

R(A) = 6.320, R(I)=I0.513, R(C)=3.26, 
Cheng's method by R(B)=3.871, lllld R(F) = 7.025, and 

R(F)= 7.025 R(J)=8.514, 
R(K)=3.342 

distance index R(C)=3.26 implies R(G)=6.363 implies implies 
A>B>C F>G implies A<F implies I> J C<K 

Note:"*" means that the ranking method can not rank generalized fuzzy number with case ofO<w<l. 
"#" means that the representation value does not exist. 

Table IV Comparison of some ranking methods. 
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Distance measure method d(D, E) d(A, B) d(A, C) d{E, F) d(qF) D(K,J) 
Graded mean integration representation distance I 4.667 4 1 0.333 14.167 of Chen and Hsieh (Defmition 5) 
Kaufmann's method (formula (19)) 2 7 7 2.5 1 * 
Heilpern's mean (formula (20)) 1 3.5 3.5 1 0.5 * 
Heilpern's distance with p=l (formula (21)) 1 3.5 3.5 1.25 0.5 * 
Heilpem's geometrical with p=2 (formula (22)) 0.5 2.475 2.031 0.866 0.5 * 

Note: "*" means that the method does not consider generalized fuzzy numbers with case of O<w<l. 
Table V Comparisons of some distance methods 
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Abstract: In this paper, we discuss non-linear mixed integer programming (nMIP) models which should 
be simultaneously determined both continuous decision variables and discrete decision variables. This 
problem is more difficult to solve than the non-linear integer programming (niP) problem because of the 
exitance of several type of decision variable to represent the real world more actually. Recently, several 
researchers have obtained acceptable and satisfactory results by using genetic algorithms (GAs) for 
nMIP problems. When such problems become large, however, GA has a lot of enumeration of feasible 
solutions due to broad continuous search space. Recently, hybridized GA combined with a neural 
network technique (NN-hGA) is proposed to overcome this kind of difficulties. In order to more carefully 
search the near optimal region in GA procedure, we employ the simplex search method as a local search 
technique to deal with continuous decision variables. Numerical experiments and comparison with the 
previous works demonstrate the efficiency of our proposed method. 
Keywords: Non-linear mixed integer programming, Genetic algorithm, Neural network technique. 

1 Introduction 

In the past few decades, many researchers have 
proposed various methods for solving the non-
linear integer programming (niP) problems aris-
ing in engineering applications. While, many 
practical problems in process synthesis and pro-
cess optimization lead to mathematical optimiza-
tion models in continuous decision variables and 
discrete decision variables with nonlinear con-
straints, i.e., the mathematical formulation of 
such a problem becomes a non-linear mixed in-
teger programming (nMIP) problem. This nMIP 
problem is more difficult to solve than the niP 
problem because it should be simultaneously de-
termined two types of decision variables. 

An enormous increase in the capabilities for 
solving niP problems and nMIP problems has oc-
curred [1, 2, 3]. Land and Doig [4] and Dakin [5] 
proposed the branch and bound (B&B) methods 
to solve niP problems. Kamat and Mesquita [6] 
applied Dakin's modification of Land-Doig algo-
rithm of the solution of structural optimization 
problems formulated as nMIP models. Morin 
and Marsten [7] and Marsten and Morin [8] de-
veloped dynamic programming (DP-based B&B) . 
However, DP-based algorithms require the mono-
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tonicity of the objective function. Li [9] has pro-
posed an approximate method based on conven-
tional nonlinear programming technique for solv-
ing nMIP problems. Since Li's method is based 
on the penalty function method, all nonlinear 
functions of objective and constraints have to be 
differentiable ones. 

As mentioned above, all these methods require 
the special characteristics of niP or nMIP mod-
els such as convexity and separability, or only 
can obtain approximate solutions, and most of 
these techniques transform the original problems 
formulated as niP problem into 0-1 linear pro-
gramming problem. But this transformation per-
mits the original problems to increase the num-
ber of variables and constraints to be treated. 
Then those manipulation becomes more difficult 
in sense of the computation time and memory 
spaces needed. 

Genetic Algorithm (GA) is one of powerful and 
stochastic tools for solving various optimal design 
problems and can handle any kind of non-linear 
objective functions and constraints without any 
transformation [10, 11, 12, 13]. Yokota, Gen, and 
Li proposed a GA to determine the optimum level 
of component reliability and the number of redun-
dant components at each subsystem for a series 
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reliability system [14]. This method surely finds 
optimal or near-optimal solution while holding 
non-linearity, but it has to search a lot of combi-
nation of solutions due to broad continuous search 
space, i.e., it takes too large computational time 
and computer memory. Recently, Ostermark has 
developed a hybrid genetic algorithm (hGA) for 
a non-convex trim loss problem [15). The prob-
lem is concerned with determining 0-1 decision 
variables and integer decision variables, i.e., the 
hGA just searches in the discrete solution space. 
In this kind of cases, GAs work powerfully as 
one of the suitable methods for solving the com-
binatorial optimization problems. However, for 
the problems of simultaneously dealing with the 
real decision variables as well as the integer de-
cision variables such as an optimal reliability as-
signment/redundant allocation problem, the very 
broad continuous search space suffers GA to find 
optimal solutions. 

Recently, in order to overcome the weak point 
of GA, Lee et. al. considered a combined GA 
with a neural networks technique (NN-hGA) as 
one of approximation methods suitable for a con-
tinuous decision variable values (16]. The essen-
tial features of NN-hGA is to devise the initial 
values for the GA through the rough search by the 
NN technique. In the NN-hGA, the GA performs 
to find solutions of integer decision variables with 
fixing the values of continuous decision variables. 

In this paper, we propose a two-stage hy-
bridized genetic algorithm. At first phase in the 
proposed method, we combine the NN technique 
with G A in order to devising the initial values of 
GA. And simplex search method employing the 
two-stage termination the are hybridized with GA 
in the second Phase in order to carefully search 
the near optimal region. In Section 2, a general 
description of the nMIP problem is presented. 
The proposed method to solve the nMIP prob-
lem is in detail discussed in Section 3. In Section 
4, the overall procedure of the proposed method 
is shown. Numerical experiments and comparison 
with the previous works are illustrated to demon-
strate the efficiency of the proposed method in 
Section 5 and Conclusion follows in Section 6. 

2 Mathematical 
nMIP 

Model of 

In general, the non-linear mixed integer program-
ming (nMIP) modal with integer decision vari-
ables m = [m1 m2 · · · mt] and real decision vari-
ables x = (x1x2 · · · Xt] is mathematically formu-
lated in vector form as the follows [1]: 

nMIP: 
max f(m,x) 
s. t. g(m,x) ~ b 
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mL ~m~ mu: integer 
xL ~ x ~ xu : real 
m= [m1m2 · · · mt]T 

x = [x1x2 · · · xt]T. 
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This model maximizes a non-linear objective 
function f(m, x) subject to non-linear con-
straints g( m, x) and bounded restrictions for the 
different types of decision variables. mL and mu 
are the lower bound and upper bound for the in-
teger decisions variables and xL and xu the lower 
bound and upper bound for the real decisions 
variables, respectively. 

Without loss of generality, we can rewrite the 
nMIP model into the non-linear separable mixed 
integer programming problem as follows [1, 16]: 

nMIP : 
t 

max f(m,x) = Lfi(mj,Xj) 
j=l 

n 

s. t. Yi(m,x) = L9ij(mj,Xj) ~ bi 
j=l 

i=1,2,···,n 
mf~mj~mJ: integer, j=l,···,t 

xf ~ Xj ~ xJ : real, j = 1, · · ·, t, 

where fi(mj,Xj) is the j-th non-linear objective 
function, Yij ( mj, Xj) the j-th non-linear function 
on the i-th constraint, and bi the i-th right-hand 
side constant or available resource. 

As one of the case studies of the nMIP prob-
lem, we introduce some optimal reliability assign-
ment/redundant allocation problems as complex 
systems. A complex system are usually decom-
posed into . functional entities composed of units, 
subsystems, or components for the purpose of 
reliability. Combinatorial aspects of reliability 
analysis are connected to the components nei-
ther purely in series nor purely in parallel. Ref 
[11, 17] contain detailed description of application 
of G A to the various reliability optimization prob-
lems including complex systems. Figure 1 and 2 
show such a multistage mixed system and a com-
plex system considered in this paper, respectively. 
The objective is to determine the optimum level 
of component reliability and the number of re-
dundant components at each subsystem simulta-
neously while meeting the goal with a maximum 
reliability. 

3 Proposed Method 
3.1 NP/NN method 
We consider that the nMIP problem has no in-
teger restrictions, because the neural network 
technique is an approximate method suitable for 
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a continuous decision variable values, i.e., we 
solve the non-linear programming (NP) problem 
[18, 19, 20]. Therefore, the nMIP problem should 
be relaxed to the NP problem as follows: 
NP: 

t 
max f(m,x) = Lfj(mj,Xj) 

j=l 

t 
s. t. gi(m, x) = L9ij(mj, Xj) ::::: bi 

j = l 

i = 1,2, · ··,n 
my:::; mj :::; mf: real, j = 1, · · ·, t 

xy :::; Xj :::; xf : real, j = 1, · · ·, t. 
Now, we construct the energy function based on 
the penalty method for solving the NP problem. 
The penalty method transforms a constrained 
optimization problem into an unconstrained one 
[18], so that the following energy function is ob-
tained: 

E(m, x , K) =- f(m, x) + ~ [~([bi- 9i(m, x)J-)2 

t t 
+ L)[mj- my]_)2 + L([mf- mj]-)2 

j=l j=l 

+ t.([x; - xfJ-)' + t. ([xf - x;]_)' ]· 

where 
K > 0 is a penalty parameter, 
[bi- gi(m, x)]- = min{O, bi - gi(m, x)}, 
[mj]- = min{O,mj}, and 
[xj] - = min{O,xj}· 

(1) 

Minimizing the energy function leads to the sys-
tem of ordinary differential equations as follows: 

dmj = -t-£ [-of(m, x) + r.(t o[bi - 9i(m, x)J-
dt omj i=l omj 

x [bi- gi(m, x)J- + [mj - my]- [mf - mj]-)] 

j = 1,2,···,t (2) 

dxj = -J.L [-of( m , x) + "' ( t o[bi- gi(m, x)]-
dt OXj i=l OXj 

x [bi- gi(m, x)J- + [x j - xy] - [xf - Xj]-)] 
j = 1, 2, ... 't, (3) 

where J.L ::_::: 0 is called learning parameter. 
We can obtain the optimal solutions (m0 , x 0 ) 

to the NP problem from the system of ordinary 
differential equations using by Runge-Kutta-Gill 
method [18]. 
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3.2 Genetic Algorithms 
3.2.1 Representation and Initialization 

Now, we can consider the original nMIP prob-
lem as a non-linear integer programming (niP) 
problem by fixing the optimal real decision vari-
ables x 0 of the solutions (m0 , x 0 ) given by NN 
technique and by rounding the integer decision 
variables m 0 up to integer values mi. 

Assuming that Vk denote the k-th chromosome 
in a population, the initial population is gener-
ated within the below range of such genes in ini-
tial solutions m I as follows: 

Vk = [(mk1; xgl) · · · (mkj; xgJ) ···(mkt; xgt)l 
I I mkj - rev :::; mkj :::; mkj + rev 

k = 1,2,·· ·,pop_size, j = 1,2,··· ,t, 

where rev is the allowable width. 

3.2.2 Evaluation Function 

As an evaluation function for such chromosome, 
the following equation, eval ( v k; x 0 ) uses the scale 
di for describing the exceeded resource rate in the 
i-th system constraints (i = 1, 2, · · ·, n) (14]: 

eval(vk; x 0 ) = 

{ 
f(m , x 0 ); 

f(m , x 0 )(1 - o::::iEic di)/nc)i 
9i(m, x 0 ) :::::: bi 
otherwise, 

where 

lc = {ilgi(m,x0 )>bi, i = l,···, n} 
d· = { 0; gi(m, x 0

) :::; bi 
t (gi(m, x 0)- bi)/bi; otherwise 

ne is the number of exceeded system constraints. 

3.2.3 Genetic Operators 

• crossover: arithmetical crossover [10, 11, 13] . 
When we denote the two chromosomes se-
lected randomly for crossover operation as 
v 1 and v 2 , the offspring will be 

01 = lc·v1+(l - c)·v2J 
o2 = lc·v2+(l- c)·v1J , 

where la J is defined as maximum integer 
smaller than a given real number a, and c 
is a random number in range [0, 1 J. 

• muta tion: uniform mutation (10 , 11]. For a 
chosen parent v , if its gene m 3 is randomly 
selected for mutation, the resulted offspring 
• 1 [ I l h I· IS v = m 1 m2 m 3 · · · mt, w ere m 3 IS a ran-
dom (uniform probability distribution) value 

· h" [ L Uj wit m m 3 , m3 . 
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• selection: The selection operator uses the 
roulette wheel and elitist approach [10, 11, 
13] in order to obtain the variety of chromo-
some because the arithmetic crossover tends 
to lose the variety of chromosomes in a pop-
ulation while keeping the feasibility of chro-
mosomes. 

3.3 Revised Simplex Search 
method 

In the NN-hGA, the GA performs finding solu-
tions of integer decision variables with fixing the 
values of continuous decision variables. In or-
der to carefully search the near optimal region 
we combine GA with a revised simplex search 
method. Simplex search method is developed by 
Nelder and Mead (21] as a local search method 
for the continuous decision variables. 

The procedure to combine GA with a revised 
simplex search for an offspring produced by ge-
netic operators is as follows: 

procedure: Revised Simplex Search Method 

step 1: For a certain offspring, fix the integer de-
cision variables and set the continuous deci-
sion variables as the base point y 0 of simplex 
as follows: 

Vk = [(m~ 1 iXkl) · · · (m~jiXkj) · · · (m~tiXkt)] 
k = pop_size + 1, · · · ,pop_size + chd_size, 

where chd..size is the number of offsprings 
obtained by crossover and mutation. 

Yo = Xk = [xk1Xk2 · • · Xkj · · • Xkt]· 

step 2: Form a simplex by generating the points 
of a regular simplex in the n-dimensional 
space and determine the point y L and y H 
as follows: 
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Ysj = { 

where 

YDj +p; 
Yoi + q; 

if j = s 
if j =Is 

p = 
1
;;:; ( Jt+I + t - 1) 

tv2 

q = 1;;:;(Vt+I -1). 
tv2 

, j,s = 1,2,·· · ,t, 

YL = min{eval(m~; Ys)ls = 0, 1, · · ·, t} 
YH = max{eval(m2; Ys)is = 0, 1, · · ·, t}, 

where YL and YH is the point correspond-
ing to the minimum and maximum evalua-
tion values among the points of a simplex, 
respectively. 
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step 3: Reflection: 

3-1 Now, the move point Yr obtained by 
reflecting the point y L in the opposite 
face to have the highest value: 

Yr = (1 + O:r)Yo- O:rYL, 

where O:r > 0 is the reflection coeffi-
cient. 

3-2 If eval(m~, Yr)> eval(m~, YH), go to 
step 4; Else if eval(m~, Yr)<eval(mZ, 
Yd go to step 5; Else if eval(m~, Yr)< 
eval(mZ, y 8 ) for Vs, s :f;l then YL = 
Yt = Yr and go to step 5; Else YL = y 1 = Yr and go to step 6. 
where l means the index of the point 
corresponding to the minimum evalua-
tion value among the points of a sim-
plex. 

step 4: Expansion: 

4-1 Extend Yr to the simplex Ye using the 
relation as follows: 

Ye = O:eYr + (1 - O:e)Yo, 
where O:e > 1 is the expansion coeffi-
cient. 

4-2 If eval(mZ, Ye)> eval(m~, YH), YH = 
Yt = Yei else YH = Yl = Yr· 

4-3 Go to step 6. 

step 5: Contraction: 

5-1 Contract the simplex YL to the simplex 
y c as follows: 

Ye= O:cYL + (1- O:c)Yo, 

where 0 :<:; O:c :<:; 1 is the contraction 
coefficient. 

5-2 If eval(m~, Ye)> eval(m~, Yd, YL 
Yt =Ye; otherwise, 

Ys=(ys+YH)/2, s=0,1,···,t 
YL = (Yt + YH )/2. 

step 6: Termination condition: 

6-1 If the standard deviation of the evalua-
tion values at the t+ 1 points of the cur-
rent simplex is smaller than permissive 
error E: F, go to step 7 

6-2 Calculate the centroid point y 0 of all the 
points y 8 , except s = l in a simplex as 
follows: 

1 n 

Yo = t L Ys· 
s=O,s,Pl 

6-3 Go to step 2. 

step 7: If eval(m~, YH )> eval(mZ, xk), Xk 
YH; return toGA procedure. 
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4 Overall Procedure of Pro-
posed Method 

In this section, we show the overall procedure of 
the hybridized genetic algorithm with a neural 
network technique and a simplex search method 
for solving nMIP problem. 

procedure: NN-flcGA for nMIP 

phase 1: Initial Search by NN Technique. 

step 1: Set the initial values and the parameters 
of the NN technique: 
learning parameter J.L, penalty parameter "'• 
the initial values m;o) and x;o), step size ry, 
and permissive error c. 

step 2: Perform the initial search by the NN 
technique: 

2-1 Relax the nMIP problem into NP prob-
lem by eliminating integer restrictions. 

2-2 Construct the energy function 
E(m, x, "') for solving the NP problem. 

2-3 Construct the system of ordinary dif-
ferential equations from E(m, x, "')and 
then solve it by the Runge-Kutta 
method. 

2-4 If lmj(tt + ry) - mj(tl)! <cor !xj(t2 + 
ry·6xj/6mi)-xj(t2)! < c·6xjj6mj, 
fix the continuous decision variables x 0 

and round the integer decision variables 
m 0 up to integer values m 1, then go to 
phase 2. 

phase 2: Optimal Search by hGA Technique. 

step 1: Set the initial values and the parameters 
of the hGA: 
population size pop_size, crossover rate Pc, 
mutation rate PM, the maximum generation 
max_gen, and the allowable width rev, per-
missive error eA, Eo, and max_idle, reflection 
coefficient Or, expansion coefficient ae, con-
traction coefficient De· 

step 2: Perform the optimal search by the hGA: 

2-1 Generate initial population within the 
range of each genes with initial solutions 
mi. 

2-2 Evaluation of chromosomes in initial 
population. 

2-3 Recombine chromosomes by genetic op-
erations and evaluate the offsprings. 

2-4 If the standard deviation of the fitness 
values at the population in the cur-
rent generation is larger than EA, go 
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to substep 2-5; Otherwise, adjust the 
continuous decision variables xZ (k = 
pop_size+1,pop_size+2, · · · ,pop_size+ 
chd_size) of offsprings by Revised Sim-
plex Search method. 

2-5 Select the chromosomes for the next 
generation and keep the best chromo-
some. 

step 3: Termination condition: 
If no significant improvement of fitness value 
is obtained during the max_idle times repe-
tition or the generation arrives at max_gen, 
then terminate; Otherwise, go to substep 2-
3. 

5 Numerical Examples 
Here, we discuss the optimal reliability assign-
ment/redundant allocation problem firstly intro-
duced by Misra and Ljubojevic [1J. They consid-
ered the problem of simultaneously determining 
optimal component reliabilities and optimal re-
dundancy levels at t-subsystem of a series-parallel 
system subject to cost constraints as follows: 

t 
max R(m, x) = fi {1- (1- Xj)'ni} 

j=l 
t 

s. t. 91 (m, x) = .2:C(xj) · (mj + exp( :j )) :::; CQ 

j=l 
t 

92(m, x) = .2:vj ·m]:::; VQ 
j=l 

t 

93(m, x) = .2:wi · mi · exp( :J) :::; WQ 

j=l 

1 :::; mj :::; 10: integer, j = 1, · · ·, t 
0.5 :::; Xj :::; 1 - 10-6 : real j = 1, · · ·, t, 

where Vj is the product of weight and volume per 
element at subsystem j, Wj the weight of each 
components at the subsystem j, and C(xj) the 
cost of each component with reliability Xj at sub-
system j as follows: 

-T C(x·)=a··(--).61 j=1,···t, 1 1 ln(xj) 

where Oj, f3J are constants representing the phys-
ical characteristic of each component at subsys-
tem j, and T is the operating time during the 
component must not fail [1]. 

The system reliability f(m, x) is maximized 
subject to a cost constraint g1(m,x), product 
constraints 92(m, x), and g3 (m, x) of the volume 
and weight constraints for components. 
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Figure 1: t-stage Mixed Series-Parallel System 

5.1 Example I 
5.1.1 Example 1-1 

Example I is a reliability optimization problem, 
i.e., an optimal reliability assignment/ redundant 
allocation problem from references [1, 22]. This is 
a non-linear mixed integer programming problem 
for a series-parallel system with 5 subsystems and 
is formulated as follows: 

Ex I -1: 
5 

max f(m,x) = IT{1- (1-xj)m;} 
j=l 

5 

s. t. g1(m,x) = LC(xi) · (mj +exp(:j))::; CQ 

j=l 
5 

g2(m,x) = LVJ ·m~::; VQ 
j=l 

5 
""" m· g3(m, x) = L...tWj • mi · exp( -f) ::; WQ 
j=l 

1::; mi::; 10: integer, j = 1,···,5 
0.5 ::; Xj ::; 1 - 10-6 : real, j = 1, · · · 1 5. 

The design data for this problem is in the Table 
1. 

Table 1: Constant coefficients for Example I-1 

Subsystem 
1 
2 
3 
4 
5 

CQ 

VQ 
WQ 

Operation time T 
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10" · Oj 

2.33 
1.45 

0.541 
8.050 
1.950 
175.0 
110.0 
200.0 

1000 h 

1.5 1 
1.5 2 
1.5 3 
1.5 4 
1.5 2 

W j 
7 
8 
8 
6 
9 
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Table 2: Comparison of results with previous 
works for Example I-1 

Method j x; m:; f* and g 
1 0.784380 3 0.915363 

THK 2 0.825000 3 174.852606 
method (23] 3 0.900000 2 83.000000 

4 0.775000 2 192.481082 
5 0.778130 3 
1 0.774559 3 0.922909 

JA 2 0.834191 3 174.999000 
method [28] 3 0.873006 2 83.000000 

4 0.720070 3 189.428000 
5 0.848304 2 
1 0.779600 3 0.929750 

KLXZ 2 0.800650 2 175.000000 
method [27] 3 0.902270 2 83.000000 

4 0.710440 3 189.427524 
5 0.859470 3 
1 0.800000 3 0.930289 

GAG2 2 0.862500 2 174.973500 
method [24] 3 0.901560 2 83.000000 

4 0.700000 3 192.481082 
5 0.800000 3 
1 0.774887 3 0.931451 

HNNN 2 0.870065 2 174.891756 
method [26] 3 0.898549 2 83.000000 

4 0.716524 3 192.481082 
5 0.791368 3 
1 0.783191 3 0.931622 

XKL 2 0.872255 2 174.960701 
method (25] 3 0.903500 2 83.000000 

4 0.709306 3 192.481082 
5 0.785600 3 
1 0.779780 3 0.931678 

Two-phase 2 0.872320 2 174.991800 
Evolutionary 3 0.902450 2 83.000000 

algorithms 4 0.710810 3 192.481082 
[22] 5 0.788160 3 

1 0.759042 3 0.929735 
GA 2 0.862249 2 171.415612 

method (14] 3 0.910461 2 83.000000 
4 0. 726953 3 192.481082 
5 0.778058 3 
1 0.759193 3 0.926224 

NN 2 0.853255 2 171.415612 
method 3 0.909354 2 83.000000 

4 0.732406 3 192.481082 
5 0.764129 3 
1 0.779532 3 0.931542 

NN-hGA 2 0.869450 2 174.978069 
method [16] 3 0.898720 2 83.000000 

4 0.713584 3 192.481082 
5 0.79336·2 3 
1 0.779378 3 0.931593 

proposed 2 0.869053 2 174.998125 
method 3 0.905140 2 83.000000 

4 0.714600 3 192.481082 
5 0.783450 3 
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Firstly, we also construct the energy function 
for Example I-1 as follows: 

E(m, x, K;) =-f(m, x) + ~ [t,([bi- gi(m, x)]-) 2 

5 5 

+ :l)[mj - mf]-)2 + L([mJ- mj]-)2 
j =l j=l 

+ t,((x; - xf]-)' + t,([xJ - x; )_)' ]· 
After forming the system of ordinary differential 
equations based on the gradient method, the NN 
simulates it with the following setting of the ini-
tial values and parameters: 

m~O) = · ·. = m~o) = 1, x~o) = · · · = x~o) = 0.5 
J..L = 500, K; = 1000, 1/ = 0.0001, E: = 0.000001. 

By this NN technique, we can obtain the following 
initial solutions for the GA: 

m~= 2.767540, mg = 2.363616, mg = 2.177705 
m~= 2.954747, mg = 2.710301, x~ = 0.779532 
xg = 0.869450, xg = 0.898720, x~ = 0. 713584 
xg = 0.793362 f(m0 , x 0 ) = 0.932248 

Now we fix the the real decision variable x 0 , 
and generate the initial population within the re-
vised range (m}- rev :::; mi :::; m}+ rev) of such 
gene with the values m 1 rounded up the integer 
decision variables m 0 • 

m 1 = [3 2 2 3 3]. 

We set the parameters of the GA as follows: 
pop_size=14, pc=0.5, PM=0.1, max_gen=lOOO. 

The best of the solutions is found in gen=46 
with the objective function value f(m*,x*) = 
0.931593, m*=[3 2 2 3 3], x*=[0.779378 0.869053 
0.905140 0.714600 0.783450]. The objective value 
of our method is acceptable. The optimal solution 
of this problem is obtained by Kuo et al. [22] as 
the objective value is f(m*, x*) = 0.931678 with 
m*=[3 2 2 3 3], x*=[0.77978 0.87232 0.90245 
0.71081 0.78816]. 

In the Table 2, there is the comparison with 
another results of this problem by several re-
searchers. Tillman et al., Gopal et al., and Xu 
et al. developed some heuristic methods respec-
tively (THK, GAG2, XKL) [23, 24, 25], Hikita et 
al. adopted the surrogate constraints approach 
(HNNN) [26], Jacobson et al. combined the sim-
plex search and heuristic method, and Kuo et al. 
used a branch & bound technique (KLXZ) [27] 
and the two-phase Evolutionary algorithms [22]. 
Lee et. al. considered a combined GA with a 
neural networks technique (NN-hGA) [16]. As 
shown in the Table 2, our proposal method like 
Kuo et al. [22] demonstmted that evolutionary 
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algorithms can also be successfully adopted for 
the optimal reliability assignment/redundant al-
location problem with improvement the solutions 
of NN-hGA. 

5.1.2 Example I-2 

Here, we consider a similar optimal reliability 
assignment/redundant allocation problem with 
five-subsystems as the example I-1, but where 
limitations on the constraints are CQ = 350 VQ = 
220, and WQ = 400. Tillman et al. combined 
Hooke and Jeeves pattern search and heuristic 
approach (HJH) [2] and Jacobson et al. used a 
combination of simplex search method and the 
heuristic approach (JA) [28]. They simulated 
their methods for some different initial values of 
the reliability at such subsystems: 

case 1. x(0)=(0.60, 0.60, 0.60, 0.60, 0.60) 
case 2. x(0l=(0.65, 0.65, 0.65, 0.65, 0.65) 
case 3. x(0 )=(0.70, 0.70, 0.70, 0.70, 0.70) 
case 4. x(0l=(0.75, 0.75, 0.75, 0.75, 0.75) 
case 5. x(0)=(0.80, 0.80, 0.80, 0.80, 0.80). 

To compare the performance of our proposed 
method with their method, we also try on the 
five cases. In the Table 3, there are the results 
of the initial solutions by the NN technique with 
following parameters: 

m~o) = · · · = m~o) = 1 
J..L = 1000, K; = 1000, 1/ = 0.00001, E: = 0.000001. 

The parameters of the GA are set as follows: 
pop_size=20, pc=0.5, PM=0.1, max_gen=1000. 
Table 4 shows the comparison results our pro-
posed method with the previous works. The 
best of the solutions is found in gen=71 with the 
objective function value f( m*, x*) = 0.995563, 
m*=[4 3 3 5 4], x*=[0.829111 0.887728 0.917822 
0.742960 0.850494]. As shown in Table 4, all of 
the proposed methods find the acceptable solu-
tions. The results indicate that the proposed 
method find better solutions than those of the 
other methods while the NN-hGA yield worse so-
lutions than the Jacobson's method (JA). This 
means that the proposed method improved the 
quality of solution of NN-hGA by dealing care-
fully with continuous decision variables. The sys-
tem reliabilities depend on the initial solutions 
x<0l. Here, JA method and NN-hGA method 
obtained the solutions with the system reliabil-
ities range from 0.991699 to 0.995445 and from 
0.994412 to 0.995139, respectively, while our pro-
posed method from 0.995024 to 0.995563. Also, 
as you can see in the Table 5, the solutions ob-
tained by proposed method has the smallest stan-
dard deviation of the objective function values for 
the several times simulations. This means our 
proposed methods approximated to the optimal 
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Table 3: Initial solutions according to the initial values for Example I-2 

Case1 Case2 Case 3 Case4 CaseS 
m~ (mi) 4. 716353 (5) 4.098397 (4) 3.376969 (3) 3.575282 (4) 4.028903 ( 4) 
mg (m~) 3.496684 (3) 3.491381 (3) 3. 744621 ( 4) 3.017550 (3) 3.980422 (4) 
mg (m~) 3.234949 (3) 3.054033 (3) 2.886090 (3) 3.448904 (3) 3.062162 (3) 
m~ (mi) 4.309497 (4) 4.451986 (4) 4.838318 (5) 4.174501 (4) 4.086020 (4) 
mg (m~) 3.319148 (3) 3.658586 (4) 3.850317 (4) 4.000634 ( 4) 3.702956 (4) 

X~ 0.838246 0.810016 0.875680 0.832330 0.811926 
xg 0.862611 0.874699 0.847596 0.911184 0.817285 
xg 0.890553 0.917409 0.931930 0.866177 0.913383 
X~ 0.770814 0.771557 0.729224 0.783985 0.805603 
X~ 0.881728 0.847273 0.841109 0.803949 0.847680 

f (m*, x) 0.99 0.995496 0.995287 0.993998 0.994 

Table 4: Comparison of results with previous works for Example I-2 
Cases Method x~ m f( m*,ro* ) gi (m*,x") 

JA method [28] [0.827409 0. 784737 0.872520 0.830837 0.882331 [4 54 3 3 0.991916 349.9570, 171, 377.0020 
1 HJH method [2] - - - -

NN-!1vA [loj [0.838246 0.862611 O.!i90553 0.770814 O.!ilil T~8j [4 4 4. 4_;j j U.!J94412 (349.5623, 178, 372.4797) 
propose« method [0.828b lo o.tsoJ1U2 0.9162,~5 0.724832 0.892749] 44 35 3 0.995393 (349.9995, 1lM, 375.7742) 
JA method (28] [0.833848 0.821861 0.833218 0.790871 0.884984 44443 0.994611 (349.9630, 178, 372.4800) 

2 HJJ1 method [2] - - - -
NN-hvA [16j 0.810016 0.874699 0.917409 0. 771557 0.857273 4434 4 0.994758 346.7012, 171, 377.0018 

proposed method 0.8412J6 0.846835 0.915471 O.Tf9iJt! 0.851855 4 4 344 0.995382 [::!49.!:1!:192, 171, 377.0011! 
J A method (28J 0.811087 0.833297 0.807690 0.837787 0.880092 44533 0.991699 349.9890, 177, 397.9760 

3 _t:I J_Ji mettlo<l L2J 0.900000 O.MOOUU 0.856000 0. 750000 0.850000 [3 4 4 4 4 0.993657 (349.9668, 185,381.5250) 
NN-hvA [16j 0.875680 O.t5475l:l6 0.931930 0.729224 0.841101 [3 4 3 54 0.995139 [::!4!:1.8842, 2UU, :184.811!5 

proposed method U.!i29111 O.M87728 O.l:ll'f!i22 0.742!:160 0.850494 43354 0.99556::! [34!:1.9998, 193, <SMU.2l:l63 
JA method [28] 0.823863 0.805535 0.848400 0.809436 0.879018 44443 0.993990 349.9800, 178, 372.4800 

4 HJH method [21 - - - -
NN-hvA [1tij 0.8::!2330 0.!:111184 0.8ti6Hl 0."(1!3985 0.803949 43444 0.994544 [349.!i732, 178, 377.0011!) 

proposed method 0.829746 0.8l:I7UOI! O.!itit!682 0.7!i7035 0.8374M 4 34 44 0.!:1!!50£4 [350.0UUU, 17li, 377.0U l li ) 
JA method [28] 0.821791 0.843210 0.925390 0. 792268 0.839437 44344 0.995445 349.9830, 188, 397.9760) 

5 H JH method [2] 0.850000 0.863000 0.902000 0.700000 0.900000 44353 0.994767 [349.9935, 193, 375.7740) 
NN-hvA [16] 0.811926 0.817285 0.913383 0.805603 0.847680 44344 0.995028 [349.9804, 171, ::S77.UU18) 

proposed method O.!i43446 O.!i::S5::S7U 0.921t!UO 0. 790746 0.829268 4 4 3 44 O.l:ll:l542c( 349.9961, 171, <S77.U018) 

Table 5: Comparison for the means and standard deviation of the objective functions for Example I-2 

Method Mean Standard deviation 
JA method [28] 0.93532 0.003317 
HJH method [2] 0.994212 0.000785 

NN-hGA method [16] 0.994776 0.000618 
proposed method 0.995358 0.000179 
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more steady than other method. For the mean of 
objective functions , the proposed method yielded 
better results than the other methods, too. 

Figure 2: Complex System 

5.1.3 Example 11 

Here, we consider an optimal reliability assign-
ment/redundant allocation problem with com-
plex system as Example II [26]. The reliability 
of the complex system is maximized subject to 
the same constraints with Example I-1 and is de-
signed as follows: 

f(m,x) = R1(m,x)R2(m,x) 
+ (1- R1(m, x)R2(m, x)) 

R3(m, x)R4(m, x) 
+ (1- R2(m, x))(l- R3(m, x)) 

R1(m,x)R4(m, x)R5(m, x) 
+ (1- R1(m, x))(l- R4(m, x)) 

R2(m, x)R3(m, x)R5(m, x). 

Recently, related to this complex system, Rocco 
et al. proposed a new approach using cellular evo-
lutionary strategies (CESs), with concepts from 
cellular automata [29] . The authors solved the 
optimal reliability assignment/redundant alloca-
tion problem with a complex system of CESs and 
obtained better results than those of the HNNN 
method [26] . For this numerical example, we 
compare the results of NN technique, GA, NN-
hGA and proposed method with those of CESs 
and HNNN method. 

Firstly, we also construct the energy function 
for Example II. After forming the system of ordi-
nary differential equations based on the gradient 
method, the NN simulates it with the following 
setting of the initial values and the parameters: 

m~o) = . .. = m~o) = 1, x~o) = ... = x~o) = 0.5 

f.L = 105 , "'= 105 , TJ = 10- 5 , E = w-7 . 

By this NN technique, we can obtain the following 
initial solutions for the GA: 

m~ = 2.867540, mg = 2.725413, mg = 2.431750 
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m~ = 2.876247, mg = 1.720139, x~ = 0.793164 
xg = 0.823214, xg = 0.899624, x~ = 0.720264 
xg = 0.820714 f(m 0 , x 0 ) = 0.999959. 

Table 6: Comparison of results with previous 
works for Example II 

Method j X~ m~ f* and g 
1 0.791309 3 0.999780 

HNNN 2 0.815125 3 174.875982 
method (26) 3 0.909668 2 83.000000 

4 0.720610 3 189.427525 
5 0.819419 2 
1 0.765518 3 0.999817 

GA 2 0.845692 3 174.675900 
method (14) 3 0.901221 2 105.000000 

4 0.709195 4 198.439500 
5 0.758174 1 
1 0.813146 3 0.999830 

NN 2 0.877363 3 174.997800 
method 3 0.855659 3 78.000000 

4 0.746221 2 195.534600 
5 0.726681 2 
1 0.834787 3 0.999871 

CES 2 0.846385 3 172.527554 
method [29) 3 0.851430 3 92.000000 

4 0.717269 3 195.735230 
5 0.717758 1 
1 0.812638 3 0.999851 

NN-hGA 2 0.861748 3 174.913100 
method (16} 3 0.899969 2 83.000000 

4 0.701032 3 189.427500 
5 0.747798 2 
1 0.812638 3 0.999886 

proposed 2 0.861748 3 174.989223 
method 3 0.899969 3 92.000000 

4 0.701032 3 195.735233 
5 0.747798 1 

Now we fix the the continuous decision variable 
x 0 , and generate the initial population within the 
allowable range (m} - rev :S m1 :S m}+ rev) of 
such gene with the values m 1 rounding up the 
integer decision variables m 0 . 

m 1 = [3 3 2 3 2]. 

We set the parameters of the hGA as follows: 
pop_si ze=14, pc=0.5, PM=0.1 , max _gen=1000. 
The best of the solutions is found in gen=142 
with the objective function value f(m*,x*) = 
0.999886, m*=[3 3 3 3 1], x *=[0.812638 0.861748 
0.899969 0.701032 0.747798] . 

Table 6 shows the comparison results the fitness 
values of proposed method with those of previous 
works. Our proposed method finds better solu-
tions than those of the other methods when NN-
hGA yield worse solutions than those of CESs. 
That means the proposed method improve the 
quality of chromosome by incorporat ing revised 
simplex search method. 
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Table 7: Constant coefficients for Example Ill 

j 1 2 3 4 5 6 7 8 9 
Cj 2 2 4 1 2 3 4 3 4 

W j 2 8 4 4 3 4 7 4 7 
j 10 11 12 13 14 

Cj 4 3 2 3 5 CQ 130 
Wj 5 5 4 5 6 WQ 170 

5.2 Example Ill 
As the third numerical experiment, we consider a 
large-scale nMIP model for a series system con-
sisting of 14 subsystems from reference [14]. This 
optimal reliability assignment/ redundant alloca-
tion problem is formulated as follows: 
Ex III: 

14 

max f(m,x) =IT {1- (1- Xj)m;} 
j=1 

14 

s. t. 91(m,x) = L::Cj · mj ~ CQ 
j=1 
14 

92(m,x) = L:wj · mj::; WQ 
j =1 

mj ;:::: 0: integer, j = 1, · · ·, 14 
0.5 ::; Xj :::; 1 - 10-6 : real, j = 1, · · · , 14, 

where Cj is the coefficient of the cost of each com-
ponent at subsystem j and wi is the weight of 
each components at the subsystem j. Table 7 
shows the design data for this problem. 

Before forming the system of ordinary differen-
tial equations, we construct the energy function 
by Eq. (1). 

The NN technique searched the following initial 
solutions for the GA: 
m~ = 2.048893, mg = 2.585703, m~= 2.183538 
m~ = 2.781218, m~ = 2.300556, mg = 2.702270 
m~ = 2,582632, mg = 2.407727, m8 = 2.879093 
m~0 = 2.615179, m~1 = 3.021275, m~2 = 1. 751168 
m~3 = 2.413700, m~4 = 2.030302 , x~ = 0.969320 
xg = 0.999425, X~ = 0.980382, X~ = 0.997304 
X~ = 0.986699, xg = 0.996496, X~= 0.994787 
xg = 0.990682, x8 = 0.998052, x~0 = 0.995321 
x~1 = 0.998785, x~2 = 0.999944, x~3 = 0.990865 
~4 = 0.969366, f(m, x 0 ) = 0.997985 

with the following setting of the initial values and 
the parameters: 

m~o) = · · · = m~~) = 0, x~O) = · · · = x~~ = 0.5 
IL = 1ooooo, "' = wooo, rt = w-s, c = w-6

. 

After fixing the the real decision variables x 0 , and 
rounding up the integer decision variables m 0 

m 1 = [2 3 2 3 2 3 3 2 3 3 3 2 2 2], 
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we run the GA with the following parameters: 
pop_size=10, Pc=0.4, PM=0.1, max_gen=1000. 
The best of the solutions is found in gen=216 
with the objective function value f (m*, x*) = 
0.0.999735, m*=[4 2 3 4 3 4 2 3 3 2 2 1 
2 2], x*=[0.995641 0.995626 0.998293 0.978990 
0.998237 0.998220 0.998098 0.988653 0.993597 
0.988670 0.998098 0.999990 0.996145 0.990880]. 
The objective value of our method is acceptable. 

Table 8 shows the comparison of results with 
the GA [14], NN and NN-hGA [16]. As shown 
in the table, our proposed method finds better 
solutions the GA and NN and NN-hGA for the 
large-scale optimal reliability assignment/ redun-
dant allocation problem. 

Table 8: Comparison of results with previous 
works for Example III 

GA method 14] NN method 
f(m*, x*)=0.970015 !(m*, x* )=0.993750 

9t(m*, x*)=119 91(m*, x*)=l06 
92(m*, x*)=170 92(m*, x*)=166 

j mj xj mj X~ 
1 0.910000 3 0.962983 3 
2 0.950000 2 0.984365 2 
3 0.920000 3 0.989832 2 
4 0.850000 3 0.957343 3 
5 0.940000 3 0.962634 3 
6 0.980000 2 0.961392 3 
7 0.910000 2 0.995230 1 
8 0.810000 4 0.980102 2 
9 0.960000 2 0.985425 2 
10 0.850000 3 0.963321 3 
11 0.940000 2 0.989035 2 
12 0.790000 4 0.937726 4 
13 0.990000 2 0.964342 3 
14 0.950000 2 0.959726 3 
NN-hGA method [16] proposed method 
f(m*, x*)=0.997985 f(m*, x* )=0.999735 

91(m*,x*)=109 g1(m*, x*)=l07 
g2(m*, x*)=169 92(m*, x*)=170 

j mj x j m j x j 
1 0.969320 5 0.995641 4 
2 0.999425 2 0.995626 2 
3 0.980382 3 0.998293 3 
4 0.997304 2 0.978990 4 
5 0.986699 2 0.998237 3 
6 0.996496 2 0.998220 4 
7 0.994787 1 0.998098 2 
8 0.990682 3 0.988653 3 
9 0.998052 3 0.993597 3 
10 0.995321 2 0.988670 2 
11 0.998785 2 0.998098 2 
12 0.999944 4 0.999990 1 
13 0.990865 3 0.996145 2 
14 0.967366 3 0.990880 2 
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6 Conclusions 
When there is an option to select both compo-
nent reliability and redundancy level at all or 
some subsystems of a system, then the reliabil-
ity optimization problem is formulated as a non-
linear mixed integer programming (nMIP) prob-
lem. Recently, we proposed the hybridized ge-
netic algorithm with neural network technique 
(NN-hGA) to solve the nMIP problem. NN-hGA 
solves the relaxed non-linear programming prob-
lem from nMIP using by a neural network (NN) 
technique, and then used the genetic algorithm 
(GA) to search the optimal solutions among in-
teger search space. In this paper, we combined 
NN-hGA with the simplex search method as a lo-
cal search technique to deal with continuous de-
cision variables, in order to more carefully search 
the near optimal region in GA procedure. 

Devising the initial values of GA and hybridiz-
ing the revised simplex search method made for 
GA improve the quality of solutions by control-
ling effectively the continuous decision variable. 
Numerical comparison experiments demonstrated 
the efficiency of the proposed method for solv-
ing the nMIP problems. Example I stated that 
the NN-hGA not only has the robustness under 
various conditions of the problem but can also 
be successfully adopted for the optimal reliabil-
ity assignment/redundant allocation problem. In 
Example II and Example Ill, we confirm the ef-
ficiency of the proposed method on a complex 
system or a large-scale nMIP model of the opti-
mal reliability assignment/ redundant allocation 
problem. 
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Abstract 
A supervised artificial neural network was developed based on previous models by Marr ( 1969) and Albus ( 1971), which 
modelled the cerebellar cortex. The model was extended to include intracerebellar nuclei and a method for establishing 
connections between the input and granular layers during a period ofpre-training. The model was trained on 
classification tasks using real world data sets and was found to perform better than a standard backpropagation network. 
In particular it was found that far fewer example presentations were required by the artificial cerebellar model (ACM) in 
order to learn to the same level of accuracy as the backpropagation network. 

Keywords: Artificial Neural Networks, Cerebellum, Classification, Supervised Learning 

1 Introduction 
The field of artificial neural networks (ANNs) was first 
inspired by the work of Hebb [8] who proposed a theory 
for learning in neural networks involving synaptic 
plasticity. This theory led to the development of the 
perceptron [ 15]. 

The perceptron was later modified with the addition of 
extra layers and a new learning algorithm called 
backpropagation [16]. While retaining many ideas of the 
perceptron, the backpropagation network was not based on 
new biological information but on a mathematical 
technique. In fact it has not been shown that any form of 
backpropagation exists in nature. 

Biological research has influenced other types of neural 
networks however. In particular self-organising maps 
(SOMs) were originally inspired by areas of the cerebral 
cortex, which show self-organising behaviour (10]. In 
contrast to the backpropagation network, which employs a 
supervised learning technique, SOMs, like most 
biologically plausible ANNs, use an unsupervised learning 
paradigm. 

Supervised learning, however, is often the most obvious 
and straightforward approach to take for many learning 
tasks. For example when teaching a child to recognise 
letters of the alphabet we do not just reply "correct" or 
"incorrect" to their guesses, but rather we provide the 
correct answer. Similarly for classification tasks (a 
common use of ANNs) we often have access to a set of 
known examples, and so supervised learning is the most 
appropriate paradigm to employ. 

The reason for the lack of biologically plausible, 
supervised ANNs, is that biological networks rarely have 
access to the correct output pattern that they are trying to 
reproduce. The cerebellum is an exception however, as 
supervision is provided externally by other associated 
networks. 
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A supervised ANN based on the cerebellum was 
developed and tested on various real world classification 
tasks. The artificial cerebellar model (ACM) was 
compared to a standard backpropagation network. Unlike 
other cerebellar models (see Barto et al. [3], Bullock et al. 
[4]) it is not designed to be an accurate biological model, 
but rather an efficient and practical implementation of 
biological principles. 

2 The Cerebellum and Supporting 
Networks 

The cerebellum is a highly structured and relatively simple 
component of the brain (6] and as such has attracted much 
attention from researchers over the past century. The 
cerebellum is responsible for regulating motor outputs 
[12], which range from limb movement to saccadic eye 
movements and speech. To achieve this task the 
cerebellum receives input both from the cerebral cortex 
and from sensorimotor areas. This information is used to 
determine the next sequence of motor outputs. 

The cerebellar cortex consists of three layers - the 
molecular layer, the Purkinje layer and the granular layer. 
The cortex receives input via mossy fibres, which originate 
outside the cerebellum, and sends output to various 
cerebellar nuclei that also receive input from mossy fibres. 
Other inputs to both the cortex and nuclei come from 
climbing fibres , which also originate outside the 
cerebellum. Figure 1 shows the configuration of the cortex 
and supporting networks. 

The mossy fibres originate from cells outside the 
cerebellum and receive their inputs from the sensorimotor 
areas of the cerebrum and from the spinal cord. Besides 
providing input to the granule layer these cells also excite 
neurons in intra-cerebellar nuclei such as the dentate 
nucleus [6]. 
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Figure 1. Cerebellar structure and connections including 
Granule Cells (Gr), Golgi Cells (Go), Basket Cells (Ba), 
Purkinje Cells (Pu) and Columnar Cells (Co). Excitatory 
cells are white, inhibitory cells grey. [5, 6, 12] 

The granule cells receive input from relatively few mossy 
fibres. These mossy fibre connections are initially scarce, 
and are gradually added during the first few weeks after 
birth [9]. Input is also received from one or two Golgi 
cells. The Golgi cells are excited by large numbers of 
parallel fibres in the molecular layer and may also receive 
some input from mossy fibres [12]. 

The molecular layer consists of stellate and basket cells, 
both of which receive their input from the parallel fibres. 
Basket and stellate cells are both inhibitory and synapse on 
Purkinje cells in the Purkinje layer [12]. 

The Purkinje layer consists of Purkinje cells, which are 
inhibitory. They receive excitatory input from the parallel 
fibres and inhibitory input from the basket and stellate 
cells. Each Purkinje cell also receives input from a single 
climbing fibre, via a very strong connection. The Purkinje 
cells form the only output from the cerebellar cortex [12]. 

Purkinje cells project to various cerebellar nuclei including 
the dentate nucleus. In the dentate nucleus, the axons of 
each Purkinje cell encompass the dendrites of a single 
columnar cell and may also. synapse on bridging cells in 
the same area. The columnar and bridging cells also 
receive input from mossy fibres [5]. 

The climbing fibres originate outside the cerebellum and 
the cell bodies of these neurons receive input from the 
same sources as the mossy fibres (although via a different 
route). Aside from the strong connections made with 
Purkinje cells, the climbing fibres also synapse in 
intracerebellar nuclei such as the dentate nucleus. 

It appears that input from the mossy fibres form a rough 
approximation of the desired output in the intra-cerebellar 
nuclei, which is then refined by inhibitory output from the 
Purkinje cells. The climbing fibres provide supervision for 
this task, which is evidenced by the fact that these fibres 
are most active when a new motor task is being learnt [6]. 
Since climbing fibres also terminate in intra-cerebellar 
nuclei it is reasonable to expect that learning might also 
take place here. Unfortunately the literature is unclear on 
this point. 
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2.1 Models of Cerebellar Function 
Marr [11] and Albus [1] proposed similar models for the 
cerebellar cortex. Each model consisted of three layers -
an input layer, a granule layer and a Purkinje layer. In 
both cases it was assumed that learning could take place 
only at the granule-Purkinje cell synapses. 

The granule layer was taken to be a recoding of the input 
pattern that randomly (although Marr suggests reasons 
why this assumption may be wrong) codes the input fibres 
onto the granule cells. In each model a single Golgi cell 
was assumed to be responsible for regulating the granule 
cell output. The Golgi cell changes all granule cell 
thresholds (by applying an inhibitory input) so that only a 
small fraction of granules cells can be active at one time. 

Both models assumed synaptic plasticity at the granule-
Purkinje cell synapses controlled by the presence or 
absence of a climbing fibre signal. That is, the climbing 
fibre is assumed to be a training input for these synapses. 
Comparisons were drawn between these cerebellar models 
and a perceptron where the granule cells form an 
association layer. the only difference being the action of 
Golgi cells to reduce granule layer activation. 

3 The Artificial Cerebellar Model 
(ACM) 

The ACM network consists of four layers, an input layer 
and an output layer, a granule layer and a Purkinje layer as 
shown in Figure 2. The input layer represents cells in the 
pontine nucleus that are the source of mossy fibre input 
and the output layer is representative of cells in any of the 
intracerebellar nuclei, especially the dentate nucleus. The 
molecular layer of the cerebellar cortex is not included in 
the model, instead stellate and basket cell function is 
incorporated into the Purkinje cell learning rule and Golgi 
cell inhibition of the granule layer is abstracted. 

Figure 2. Layers and typical connections for the ACM 
network. White cells in the input layer store the original 
input values, grey cells store the inverse of those inputs. 

The ACM network was tested on classification tasks. The 
input layer stores the input pattern to be classified as well 
as the inverse of that pattern. Each input, Pi· is sc~led to be 
in the range zero to one and the inverse, Pi+ I, is taken to be 
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one minus the corresponding original input. The scaled 
inputs feed into the granule layer and the output layer 
while the inverse inputs make connections in the granule 
layer only. The inverse inputs allow the granule layer to 
place as much significance on low inputs as on high inputs. 
Connection weights between the input and output layers 
are allowed to be both positive and negative and so the 
output layer does not require inverse inputs. 

Connections to the granule layer are added during a brief 
period of pre-training described below. Each granule cell, 
gj, calculates an average, Pi• of its inputs. The mean, P, 
and standard deviation, S, of these averages are then 
calculated and used to calculate Golgi cell inhibition, 
equation ( 1). Granule cell activation is then calculated 
using equation (2). 

G=P+pS 

1 

(1) 

(2) 

A large value is used for K to ensure granule cell activation 
is close to either one or zero. The value of p governs the 
proportion of granule cells with high activations. A value 
of 30 was found to be suitable for K and a value of 1.25 
was found suitable for p, giving approximately 10% of 
granule cells with high activation levels. Granule cells 
with activation levels less than 0.1 (up to 90%) were 
ignored to improve efficiency. The optimum number of 
granule cells was found by parameter tuning for each data 
set. Input-granule layer connections were not modified 
during training, ie. it was assumed that synaptic 
modification was not present between these layers. 

In contrast to input-granule layer connections, complete 
connectivity was assumed between the granule and 
Purkinje layers. Complete connectivity was also assumed 
between the input and output layers, but an additional 
Purkinje cell input was added to each output cell in a one-
to-one relationship. 

3.1 PreMtraining 
Input-granule cell connections were added during a brief 
period of pre-training, which simulates the early 
development of the cerebellar cortex. Initially only one 
connection is added to each granule cell and these are 
distributed evenly over the input cells. There are normally 
far fewer input cells than granule cells and it is convenient 
to choose the number of granule cells as a multiple of the 
number of input cells for this purpose. 

Additional connections are added by choosing an example 
randomly from the training set and calculating input cell 
activations, Pi> and the average input for each granule cell, 
Pj· These are then modified using equations (3) and (4). 

' !:maL..!.i p; = Xp; rmax (3) 

(4) 
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where r; and si are the number of connections already 
added to input cell i and granule cell j respectively and rmax 
and Smax are calculated using equations (5) and (6). 

Smax = 4 X ln(m) (5) 

§nn.. 
rmax= n X m (6) 

where n is the number of input cells and m is the number 
of granule cells. Equation (5) was chosen to give 
biologically comparable connectivity without having too 
few connections for small networks or too many for large 
networks. A connection is then added between the input 
cell with the highest p' and the granule cell with the 
highest p' . The process is then repeated until an average 
of smax/2 connections have been added for each granule 
cell. 

3.2 Training 
Once pre-training is complete, training continues in an 
identical manner to backpropagation. Examples are 
chosen randomly from the training data set and the 
network output is calculated. Both the Purkinje and output 
layers receive the known correct output for that example 
(supervision) and this is used to update the network 
weights. 

Both layers update their weights according to the delta rule 
as in equation (7). 

(7) 

where w;i is the connection weight from the ith input cell to 
the jth output cell, ei is the error of the jth output cell, o; is 
the value of the ith input cell and T) is the training rate. For 
the Purkinje layer the input cells are the granule layer cells 
and for the output layer the input cells are the input layer 
cells plus one Purkinje cell. The training rate 11 is 
determined through parameter tuning. w;i is allowed to 
vary without limit either positively or negatively. 

While this training rule is not strictly Hebbian, its use can 
in part be justified by the presence of inhibitory cells 
(negative weights), and the recent discovery of an error 
correcting learning rule in the visual cortex of rats [2, 7]. 

4 Results and Discussion 
The ACM network was first tested for its ability to solve 
non-linear problems in the form of the standard XOR 
problem. The problem was correctly solved in 20% of 
trials with 10 granule cells, 50% of trials with 20 granule 
cells and 90% of trials with 30 granule cells. Clearly many 
more granule cells are required by the ACM network than 
a similar backpropagation network, which is able to solve 
the problem in 75% of trials with just two hidden nodes. 

Both the ACM network and a backpropagation network 
with one hidden layer were then tested on five "real-
world" data sets. The Iris, Sat, Wine and Letter data sets 
were obtained from the UCI repository of machine 
learning databases [13]. The Weed data set was originally 
produced by the Scottish Crop Research Institute. Table I 
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gives a brief description of the data sets and shows the 
number of hidden nodes or granule cells found to give the 
best performance for the backpropagation network and 
ACM network respectively. This confirms the 
requirement for a large number of granule cells in the 
ACM network. 

Data Description Attributes I Total Granule Cells/ 
Set Categories Examples Hidden Nodes 

ACM BP 
Iris ID of irises 4/3 150 128 3 

Wine ID of grape 13/3 178 52 2 
varieties in 
wine 

Weed ID of weed 7/10 398 84 8 
seeds 

Letter Recognition of 16/26 20000 320 30 
capital letters 

Sat Classification 4/ 6 6435 32 3 
of satellite data 

Table I. Description and parameters of data sets and 
granule cell I hidden nodes required for each data set. 

Figure 3 shows the accuracy achieved by the ACM 
network and backpropagation network on training and test 
data sets respectively. The ACM network performed 
comparatively well on all data sets except the Weed data. 
On this data set the backpropagation network also 
generalised poorly even though it had better overall 
performance. This difficulty in generalising the Weed data 
may have led to poor connection choices in the pre-
training phase of the ACM network and hence it was 
unable to learn effectively in the main training phase. 
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Figure 3. Accuracy achieved by the ACM and 
backpropagation networks on training (a) and test (b) data 
sets. 
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Both networks were also tested for noise tolerance by 
training on each entire data set and then testing accuracy 
on the same data but with various levels of noise added. 
The results (Figure 4) revealed slightly poorer performance 
for the ACM network on this task. This poorer 
performance is probably due to the aggressive thresholding 
scheme used by ACM. In the ACM noisy inputs may 
result in a completely different set of granule cells being 
active than with the noise free data. In the backpropagation 
network however, the hidden layer does not unduly 
magnify noise from the input layer. 
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0% +--,--~--~~--~--~~---r--~~ 
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%Noise 

Figure 4. Typical noise tolerance for the ACM and 
backpropagation networks on the Sat data set. 

The number of example presentations required for learning 
was also measured for each network. Due to time 
constraints this data was collected for the Iris, Weed and 
Letter data sets only. The ACM network far outperformed 
the backpropagation network in this area, as shown in 
Figure 5, despite the example presentations required for 
pre-training. 

While the ACM network is faster in terms of example 
presentations, it is not clear what the comparative 
computational cost of the network is. This could be 
measured in elapsed time for training but this can be 
implementation dependent and so the commonly used 
measure of connection crossings will be used. A 
connection crossing is said to occur each time the network 
makes a weight calculation. In order to calculate 
connection crossings we must first determine the number 
of inter-layer connections and these are shown in Table II. 

Data set To granule/ To Purkinje To output 
hidden la er la er la er 

Iris 384 I 12 384 I- 15 I 9 
Weed 336 I 104 840/ - 80/90 
Letter 1920/480 8320/- 442 I 780 

Table 11. Inter-layer connections for the ACM (first 
number) and backpropagation (second number) networks 
for the Iris, Weed and Letter data sets. 

For the ACM network, the granule layer connections are 
added during pre-training and only these connections are 
required during this phase. Therefore the number of 
connection crossings required for pre-training may be 
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calculated as an arithmetic progression. At the conclusion 
of pre-training, granule layer outputs may be cached so 
that the connections need not be counted for training 
(although the connection crossings performed during 
caching must be). In addition approximately only 10% of 
granule layers contribute to Purkinje layer output for each 
example presentation and so only 10% of the Purkinje 
layer connections need to be counted. 
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Figure 5. Example presentations required for training the 
ACM and backpropagation networks on the Iris (a), Weed 
(b) and Letter (c) data sets. 

Figure 6 shows the connection crossings required by each 
network for training on the Iris, Weed and Letter data sets. 
This data should not be considered definitive, as there is 
considerable difference in the methods of calculation 
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between the two networks, particularly with respect to the 
granule layer (average versus weighted sum). 
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Figure 6. Connection crossings required for training on 
the Iris (a), Weed (b) and Letter (c) data sets. Connection 
crossings required for pre-training are insignificant for the 
Weed and Letter data sets. Caching is also insignificant 
for the Weed data set. · 

Further tests were carried out to determine whether the 
inclusion of the output layer and shortcut connections 
contributed to the improved performance of the ACM 
network. To measure this the accuracy of the Purkinje and 
output layers were measured at regular intervals during 
training. The results shown in Figure 7 show that in fact 
the Purkinje layer learns much faster and to the same level 
of accuracy as the output layer. 
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Figure 7. Comparison of output and Purkinje layer 
learning on the Wine data set. 

This would seem to indicate that intracerebellar nuclei take 
no part in cerebellar learning. However in hindsight the 
training regime for the output layer was probably not well 
chosen and further work needs to be done to determine the 
usefulness of this layer. It may be that there are biological 
reasons for including the shortcut connections that are not 
relevant in the artificial case. 

5 Conclusion 
The ACM network presented here is both biologically 
plausible and efficient. It has clear advantages over a 
standard backpropagation network, particularly in terms of 
speed. The performance comparison is particularly 
impressive for complex data sets. There are, however, 
several improvements that could be made. 

In the current implementation the output layer, with its 
input layer shortcut connections, is not only ineffective but 
actually slows the network down considerably. This layer 
could either be discarded or further work could be 
performed to determine the effect of other training regimes 
for this layer. In particular the weights from the Purkinje 
layer could be fixed with only the input layer connections 
modifiable. This would prevent the eventual domination 
by the Purkinje cells. 

If the output layer and shortcut connections were removed 
the network would be similar to a perceptron with an 
association layer, as noted by Marc [11] and Albus [1]. 
There are two main differences however. The network 
includes an algorithm for automatically adding the 
association layer connections and the Golgi cell inhibition 
increases the ability of the network to quickly discern 
association layer patterns [1, 11]. 

Discounting the shortcut connections the ACM network is 
also similar in many respects to the Resource-Allocating 
Network (RAN) of Platt [14]. Both networks allocate 
resources to the hidden (or granule) layer during training 
(or pre-training in the case of ACM) and both use gradient 
descent to train the output layer. 

In contrast to the ACM network the RAN creates new 
nodes in the hidden layer with complete connectivity from 
the input layer. Starting with a fixed number of neurons in 
the granule layer and adding input layer connections, as in 

Volume 6, No.4 

247 

ACM, is more biologically plausible and also has the 
advantage of giving a firm bound for the eventual size of 
the network. 

The hidden layer of the RAN is activated via radial basis 
functions (RBFs) which may be altered as training 
progresses. The ACM network was design as a model of 
the cerebellum, which clearly does not use RBFs (though 
other biological networks may). However, a combination 
of RBFs and thresholding may be worth investigating. 

The algorithm for adding input to granule layer 
connections could also be improved. Of 128 granule cells 
examined after pre-training on the Iris data set only 21 had 
unique connections. Similarly only 56 of 84 granule cells 
had unique connections after pre-training on the Weed data 
set. The XOR example also highlights this problem, at 
least 30 granule cells are required by the ACM network to 
consistently solve the problem when in theory it is possible 
to find a solution with just three. 

Simply removing the redundant connections would result 
in dramatic improvement in the performance of the 
network during training and caching. A better solution 
would be to refine the algorithm to produce fewer identical 
connections in the first place. This could improve the 
efficiency of the pre-training, caching and training phases. 

The ACM network represents a middle ground between 
biological accuracy and practical implementation. The 
results demonstrate that there is much to be gained from 
continued cooperation between the computational and 
biological sciences. 
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Abstract 

In this paper, the Hopfield model of artificial neural 
networks called HANNs for finding some software task 
allocations in multiple computer systems have been 
proposed A multiobjective optimisation problem with two 
criteria has been considered Resource constraints have 
been assumed Both the cost of parallel program execution 
and the cost of computers have been minimised 

Two models of neural networks for minimisation 
of the computer cost and for minimisation of the cost of 
parallel program execution have been proposed HANN 
for finding local Pareto-optimal solutions has been 
considered. Some simulation results related to 
minimisation of the energy function for constructed neural 
networks have been included A trajectory of energy 
function obtained during finding Pareto-optimal task 
allocation has been presented 

1. Introduction 

Task allocation in multiple computer systems can decrease 
the total time of program execution by taking advantage of 
the specific efficiencies of some computers. In a network 
of workstations or personal computers, two or more 
program modules may execute concurrently for various 
periods. A program module is a collection of procedures or 
subroutines, or could be data files. In a distributed 
computer system, another way for the minimisation of the 
total time of program execution is a replacement of 
computers for data processing. So, the computer with 
a powerful floating-point unit can be dedicated for tasks 
with numerical procedures. Similarly, the graphic 
workstation is suitable for program modules with 
animation and chart processing. 

Some distributed computer systems are 
exceptionally complex. Numerous measures can be used 
for an assessment of such systems. If there is a set of 
feasible alternatives of the system structure and some 
measures for assesments, we should solve a multicriteria 
optimisation problem [2]. Current optimisation techniques 
have many disadvantages related to a low efficiency. 
Neural networks are considered as a means for improving 
the efficiency of optimisation tools. Especially, 
optimisation techniques with neural acceleration can be 
used for finding suboptimal operational structure. 

In this paper, the Hopfield model of artificial 
neural network called HANN for finding a task allocation 
in multiple computer systems is proposed. The Hopfield 
models have been applied for solving some NP-hard 
optimisation problems [1, 11]. Two-objective optimisation 
problem with resource constraints is considered. The cost 
of parallel program execution and the cost of computers 
are minimised in this problem. Two models of neural 
networks for minimising the computers cost and the cost 
of parallel program execution are constructed. Synaptic 
weights and external inputs are determined by comparison 
between an energy function of network and an objective 
function. Moreover, HANN for finding a Pareto-optimal 
solution is considered. The non-negative convex 
combination technique is developed for aggregate partial 
criteria. 
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2. Basic model of parallel processing 

The standard problem of task allocations deals with 
finding the allocation of program modules to minimise the 
program execution cost [7]. An objective of optimisation 
can be the time of program execution, too. Another 
measure is the amount of computer resources utilized. 

a) 

b) 

Figure 1: An example of distributed program 
a) distributed program divided into 8 modules 
b) allocation of program modules in distributed computer 
system with 4 computers 

ln Figure 1 an example of distributed program in 
a computer network with 4 computers is presented. The 
program was divided into 8 modules M~, M2, •. . , M8. Module 
M4 is assigned to a computer with module M5 . The above 
solution is reasonable, if the number of interactions required 
between pairs of modules is great. 

To reduce the communication time between 
modules, they should be allocated to a single computer. On the 
other hand, to reduce the module processing time, each 
module should be assigned to the computer with the lowest 
processing time for it. There is a conflict between 
minimisation of the communication time and the module 
processing time. 

A program module can be activated several times 
during the program lifetime. The process (operation, task) is 
the execution of one activated program module. Some 
processes can be associated with the module. As a result a set 
of program modules {M~, ... ,M,,, ... ,MM} is mapped to a set of 
tasks {m~, ... ,m.,, ... ,mv} . 
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2.1. Parallel, concurrent and distributed 
processing 

There are distinctions between parallel programs, concurrent 
programs and distributed programs (3]. In a distributed 
program there are at least two modules, which are processed 
on different computers. A program is concurrent, if there are 
two processes such that the first process was started before the 
second process is finished. A program is parallel if there are 
two processes executed on different computers at any time. 
Each parallel program is concurrent. But the concurrent 
program processed on a single computer is not parallel. Each 
parallel program is distributed too. However, the distributed 
program, which is executed in a sequential way, is not parallel. 

Figure 2 shows the execution of a parallel 
program consisting of 4 modules. The modules are 
allocated on 3 computers Ph P2 and P3. The module M 1 
starts (the process m1) and finishes (the process m3) the 
entire parallel program in the computer P1• Moreover, the 
module M 1 (the operation m2) calls the module M2 (the 
task m6) in the computer P2• Then, the module M1 (the 
process m2) transfers its activity to the module M4 (the 
operation m4) in the computer P3. Afterwards, the module 
M4 (the operation m4) returns an activity to the module M1 
(the task m2). 

Figure 2: The execution of a parallel program consisted of 4 
modules by a distributed system with 3 computers 

2.2. Computer allocation constraints 

Let us assume that the task m,. can be executed on several 
computers taken from the set Il={Jq, ... ,trj,····trJ}. 
Computers should be assigned to nodes belonging to the 
set W = { w1 , ... , wi , ... , w 1} . In Figure 2, there are 3 

nodes w1, w2 , w3 • The computer P 1 is situated in the node 

w1. P 1 is taken from the set I1={7rJ, ... ,trj,····7rJ}. 
Computers that are located in different nodes can be 
included in the same sort. For example, two computers 
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that are classified as the sort ff J can be assigned both to 

the node w 1 and w2• 

Each pair of computers situated in nodes can 
communicate to support performing of program module 
interactions. Furthermore, in each node one and only one 
computer should be allocated. This implies the computer 
allocation constraints, as follows: 

where 

J 
L:xij =I, i = 1,1 
j=l 

K _ { 1 if "j is assigned to wi 
xij - 0 in the other case, i = 1,1, i = l,J . 

(I) 

A vector xfi describes an allocation of computers: 

2.3. Task allocation constraints 

An optimal task allocation should be found for minimising 
the parallel program execution time. A vector can 
determine the task allocation as follows: 

(3) 

where 

x~ _ { 1 if module mv is assigned to Wj, 
VI - 0 in the other case, v = l,V, i = 1,1. 

Because each task is allocated to one node, then 
the task allocation constraints are formulated as below: 

I "m -L-Jxvi = I, v = l ,V 
i=l 

(4) 

Now, the following vector can represent the task 
allocation to computers: 

Constraints (I) and (4) reduce the number of 
allocations x from a=iCV+J) to b=l vJ 1 . Let us consider the 
simplest distributed computer system with 2 computers 
(/=2). The number of task aliocations to 2 computers 
depends on the task number V and the number of 
computer sorts J. This is shown in the table I. Bold lines 
denote numbers of allocations, which can be compared to 
find an optimal allocation for the period of 1 hour. 
A model of comruter that compares 1 pair of assignments 
during I ns [I o· s] has been taken for assessment. If the 
number of tasks is grater than I 00, then it is impossible to 
find an optimal allocation by comparing all combinations 
during the reasonable time. 
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V 2 10 100 1000 

2 a 64 1.68*107 2.58*1061 1.97* 10603 

b 16 4.10*103 5.07*1030 1.29* 10301 
J a 1.68*107 1.01 *10u 1.69*1067 1.21 *10609 

10 
b 400 1.02*10° 1.29*1 032 1.07* 10302 

100 a 1.61 * 1060 1.69* 10° 2.58*10 120 1.33* 1030005 
b 4*10~ 1.02*10~ 1.27* 1034 1.85*10662 

Table 1: The number of allocations of tasks to 2 computers 
with respect to task number V and computer sorts J 

2.4. Resource constraints 

Each computer has resources required for a program 
execution. A program module reserves an operational 
memory. If the reserved memory size by a module is 
changed during a module carrying out, then a maximal 
amount can be estimated. Another resource is the capacity 
of hard discs. If modules share the other sort of memories 
(a tape memory, the ZIP memory etc.), then the capacities 
of memories cannot be exceeded. The following memories 
z1, ... ,z,., ... ,zR are available in the distributed computer 
system. Computers can be equipped with different 
amounts of memories. So, d;r denotes the capacity of 
memory z,. in the computer lrj . The value d;r is 
nonnegative and limited. We assume that the task mv 

reserves Cvr units of memory z,. and holds it during 
a program completing. The value c,.,. is nonnegative and 
limited, too. 

The memory limit in any computer assigned to 
the ith node cannot be exceeded. This constraint is 
formulated as bellows: 

V J 
L:CvrX~ :5 L/ jrxij, i = 1,/, r =I, R (6) 
v=l }=! 

A program module can require the subroutine 
library, a specific software environment, a DVD driver, 
a high-resolution monitor, or the other components. Let 
k1, ••• ,k., ... ,ks denote the required components. We assume 
that the following component coefficients are given: 

, {1 if mv requires the component k8 , - -Cvs =. v = l,V,s=1,S 
0 m the other case, 

d' {V if" j has the component k s, . - -
js = . } = 1, J, s = 1, S 

0 m the other case, 

Operational requirements related to the access to 
computer components can be formulated as below: 

V 
L>~sX~ s Ld}sxij, i = 1,2, s = l,S (7) 
v=l 

3. Multiobjective optimisation problem 
A cost of computers can be calculated according to the 
following formula: 
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I J 
F2(x")=LLK]XU 

i=lj=l 

where K; represents the cost of computer '7· 

(8) 

Another criterion used for an allocation 
assessment is the cost of a parallel program execution, 
which can be calculated, as below: 

JVI VV/ 

Ft(x)= LL~~)vp~xij + LL~:Z.vuikx~x:k(9) 
j~v~i~ v~u~i~ 

where 
M XEJ6 , 

lvj -the cost of executing the task mv by the computer lfj, 
Tvj - the cost of communications between the task mv 

assigned to the ith node and the task m11 assigned to 
the kth node, 

~ - theset {0, 1} . 

Let the case of multiobjecth:e optimisation 
problem for finding the Pareto-optimal allocations of tasks 
in a distributed computer system be considered. This 
problem is formulated as (~, F, P), where: 

1) ~- a feasible solutions set 

I 
~ = {x E J.;/(V+J)I :L>~ =I forv = 1,V; 

J 
Lxij = 1 fori= 1,1; 
}=1 
V J 

i=l 

:~.::CvrX~ ~ "I/JrxfJ, i = 1,/, r = 1,R; 
v=1 }=I 

V 

.z:c:,sx~} $ "I/}sxiJ, i = 1,1, s = l,S} 
v=l 
2) F-a vector quality criterion 

F:.,JC~~2 

F(x) = [FJ(x) , F2(x)] T for XE~ 

(10) 

(11) 

where F 1 (x) is calculated by (9), F2(x) is calculated by (8). 

3) P- the Pareto relation [4, 8] 

Figure 3 shows an example of the evaluation set 
with the Pareto-optimal results [14] denoted as A, B, and 
C. The horizontal spacing ofF 1 iterations in Figure 3 has 
different distances between points. The Pareto-optimal set 
is defined as: 

Y=F(.X) = {yE~N !y = F(x),xE~} (12) 

Volume 6, No.4 



• ··-· ····· •· ···················• · ···········o 
i i 
! 

i , I ___ :~~--r -=;~~~~:,~ =--=~ 
. I I ~ i --- ·Ar----·-···r-·----------·· t -----·- ---·····------~ 

···-~ ...... i ....... .. ····<>·-·· . J --~ 
I B I I j 

Fzmin - ··· ··- ~- ······ 0········ ····· .•.. . Q ·-· 
Yo i C i I 

~ I 

0 Point included in the extended criterion space 
and non-included in an evaluation set 

• Point included in an evaluation set 

Figure 3: The evaluation set of processes to 
comnuters 

4. Neural techniques for one objective 
function 
Problems that have a known polynomial detenninistic 
algorithm are said to be in class P. However, there are 
optimisation problems called NP-hard, which have 
probably no such algorithms. An optimisation problem can 
be transfonned to a decision problem, if we ask 'is there 
any solution with the value of an objective function less 
than the value D?' . Let us assume a computer model has 
the property that each time an algorithm faces a choice, it 
divides into two copies of itself. Each copy of this 
algorithm operates in parallel. This concept of a non-
detenninistic polynomial algorithm is like a tree-search, 
where all branches can be searched simultaneously. If one 
of the copies answers the decision problem in the positive, 
we will solve this question. If the maximal time taken by 
a branch is polynomial bounded, then the decision problem 
belongs to the class NP and it is said to be NP-complete. 

If every problem from the class NP is polynomial 
transfonnable to the given problem H, .then we say that H 
is NP-hard. If we can transfonn every instance of the 
problem C from the class NP into an instance of H in 
polynomial time, then we can use a polynomial 
transfonnation and the algorithm for H to solve C. So, we 
can expect H is at least as · hard as C. Optimisation 
problems are not in NP, but their decision versions are. For 
some NP-hard combinatorial problems, the Hopfield 
networks can find suboptimal solutions. 

There are some combinatorial optimisation 
problems that are convenient for solving by Hopfield 
ANN. For instance, the Travelling Salesman Problem [12], 
some graphs problems [6], and linear minimisation 
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problems [2] can be solved by Hopfield ANN. That is 
why, we consider a neural network approach for 
optimisation of operational structure allocation to 
multiprocessor systems. The modified Hopfield models for 
solving optimisation problems with linear objective 
function or quasi-quadratic objective function can be 
design [3]. By introducing nonnegative convex 
combination method for solving considered combinatorial 
problem with several linear objective functions, the 
Hopfield model can be constructed. A main advantage of 
the above approach consists in the parallel effect in 
numerical computations. 

4.1. The standard Hopfield model 

In the gradient model of standard HANN, the neural 
activation states are changed from the initial state 

u(to)=[ul(to), ... ,Um(to), ... ,uM(to)f according to the 
differentiable equations [12]: 

M 
dum Urn ""' ----=--+ LJWnmgn(un)+Im, m=l,M, 
dt 1'/m n=l . 

where 
M - the number of neurons, 

- the global activation level of mth neuron, 
Urn 

TJm - the positive passive suppress coefficient for the 
neuron with the output X m , 

wnm -the synaptic weight from the neuron Xn to the 
neuron xm, 

I m -the external input to the neuron xm. 

(13) 

A matrix of synaptic weights is symmetric. 
Moreover, Wmm = 0 for m=l,M. External inputs are 
constant during a network operation. Signals in a neuron 
are transfonned according to the logistic activation 
function_[,, as follows : 

where cx:m is a gain coefficient in mth neurone 
(am >O,m=l,M). 

Theorem I. [3] 
If the non-linear activation function is substituted 

by the logistic activation function, then the neural 
activation state change (13) can be transfonned into the 
following equations for m=I,M: 

In Figure 4, logistic activation functions for 
different values of gain coefficients a are shown. If the 
gain coefficient increases, then activation function tends to 
the binary function with the threshold in 0. 
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x,(t) 

a= I -· 
-·. 
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I I .• •• 
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j a=IOO I<ID 

~ 
0 0.5 u.{t) 1 

Figure 4: Logistic activation functions for different 
values of gain coefficients 

Hopfield found the Liapunov function for the 
differential system (13) as given by the following formula: 

1 M M M M 1 .xt-1 
Etx)=2LLWmffmXn-LJmXm+ L- j5mCS:m)14'm(l6) 

m=In=l m=I m=l1Jm 0 

A main property of the Hopfield model is 
mmtmtsmg the energy function. So, if an optimisation 
problem is transformed into the energy function, then the 
Hopfield model can be used for solving it. 

4.2. A general combinatorial constraint 

Constraints (I) and (4) can be formulated as a general 
combinatorial constraint. The above constraint can be 
represented in a general form as follows: 

(17) 

where Xm is a binary variable (M~ L). 

Only L variables can be equal to I, and the other 
variables M-L should have the value 0. The general 

M 
form 2>m = L includes several constraints from a lot 

m=l 
of combinatorial problems. For instance, in the Travelling 
Salesperson Problem [5, 10] during L (Lis the number of 
all cities) steps a salesman should come through each city 
ci exactly ones, what can be written as 

L L Xik = 1 for k = l,L , where xik is equal to 1 if the 
k=l 

salesman in the kth step is in the city ci. The trip of the 
salesman has a strict bounded time condition. He should 
make exactly L steps, and if the constraints 

L L xik = I fork = 1, L are satisfied, then that 
k=l 

requirement is performed, too. 
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Similar constraints are in the vehicle routing 
problem VRP, the 0-1 knapsack problem, the set covering 
problem, the standard assignment problem or some 
scheduling problems [13]. They can be expressed in 

M 
a general form 2>m = L. For satisfying it and the other 

m=l 
sorts of constraints, the Hopfield neural networks HANN 
can be used [12]. 

4.3. Uniform Hopfield network UHANNIL/M 

Uniform Hopfield networks UHANNs play an important 
role for satisfying the special class of constraints expressed 

M 
in a general form z>m = L. For uniform Hopfield 

m= I 
networks, all main parameters have the same value for 

each neuron i.e. Wnm = w, n, mE l,M, I m= !form= I, M, 

T/m = 17 form= !,M, and am =a form= l,M:. 

a) 
Q 0 

b) 
x2 
~~~r-~~~~--~~~~~~~ 

Figure 5: The basic energy function E=x1x2 -0.6x1-0.6x2 
for the model UHANN with w=-1, !=0.6 
a) the energy function surface 
b) the distribution of descent directions of the energy 

function 
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A neural network is supposed to avoid saddle 
points (false attractors) of an energy function because then 
even feasible solutions cannot be obtained in some cases. 
In Figure 5(a), the saddle point of a basic energy function 
in computational space is presented. Only two neurones 
are considered. Synaptic weights are equal to -1 and 
external inputs are equal to 0.6. For this case, a basic 
energy function has two global minima and one saddle 
point. If UHANN starts from an initial state, then after 
relaxation it obtains an equilibrium point. If an equilibrium 
point is a global minimum of a basic energy function, then 
optimal solution of an optimisation problem can be found. 
But, if a saddle point of a basic energy function is reached 
in an equilibrium point of motion equations, then 
x 1=x2=0.6 and formal constraints x 1, x2e {0, 1} are not 
satisfied. So, the UHANN designed for an optimisation 
should avoid saddle points. An appropriate theorem for 
avoiding this false attractor has been formulated in [3]. 

Because Hopfield networks minimise their energy 
functions similarly to the steepest descent method, then the 
state trajectory converges to a saddle point from each 
balanced starting point (c, c), where ce(O, 1). In 
Figure 5b), the unfeasible area in zero-one optimisation for 
initial states of UHANN is marked by a dotted line. 

M 
To satisfy the considered constraint :~:>m = L 

m=l 
the special case of UHANN can be used. UHANN with 
synaptic weights equal to -2 and nonnegative external 
inputs calculated according to the rule /=2L-1 is called 
UHANNIL/M, because the pair (L, M) is required to design 
UHANNILIM, only. Signals from the other neurones are 
converted and their absolute value is increased. Moreover, 
each neurone has its nonnegative constant input, which 
forces the activation level u*=77l in an equilibrium point. 

There are two basic problems related to 
minimising a basic energy function of the network 
UHANNILIM. Firstly, parameters for finding a global 
minimum of an energy function should be found. 
Secondly, the network UHANN/L/M should fix this 
minimum as soon as possible e.g. it needs the fewest 
number of iterations Kmax· 

From our simulation results, we get feasible 
parameters such that a= I 00, t.t=0.2, ~I. The stopping 
criterion is based on the condition E(tk)::; & for c-0.01. 

For the worst case, the iteration number Kmax( E (t k) ::; e) 
is equal to 5 for solving a general equation. These 
experimental results confirm that neural networks can be 
designed as a very efficient method for solving numerical 
problems. Especially, the increasing of the neuron number 
M does not cause the increasing of KmaxC E (t k) ::; e) for 
the network UHANN!L/M. 

4.4. Network HANN/F2/R for linear 
constrained minimisation 

An optimisation problem with one criterion is studied for 
finding the minimal cost of a distributed computer system: 
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(18) 

Let a temporary assumption be made that 
resources are unlimited. For the above problem, the I 
separated modified networks UHANN/111 can be used to 

J 
satisfy the constraint L x ij = I, i = ~ . In these 

j=l 
networks, external inputs are modified according to the 

formula I(xij):;;: 21 + 1.5- M(xij), j = 1,1, i = 1,/, 

1! Kj 
where b. I ( x ij ) :;;: , K:max is the cost of the most 

Kmax 
expensive processor. 

The formula (18) is related to the rule, that if one 
neuron in UHANN/ Ll M has the external input greater than 
the others, then this chosen neural output reaches a value 1 
in an equilibrium point. So, this is a way to prefer 
neurones, which outputs in the equilibrium point are 
values of decision variables related to. the cheapest 
processors. Therefore, the additional term decreases the 
external inputs when the cost increases. If all external 
inputs in a network UHANNILIM are increased by small 
value then L neurones are still chosen in an equilibrium 
point. For L=O, there is /=-1. For L= 1, there is /=I. If the 
bound increases L = 0,1,2,3,4, ... , then an input grows 
I= -1, I ,3,4,6, .... For a limit L, there is the interval for 
feasible external inputs (2L-2, 2L). The external inputs are 
supposed to get values from this range. 

In Figure 6, the minimisation of the energy 
function is presented for 1=5, a=IOO, 77=!, Lit= 0.2, and 

T · · T K=[5, 4, 3, 2, I] . Then, there IS /=[0.5, 0.7, 0.9, 1.1, 1.3) . 
For each node number, two separate networks 
UHANN/l/J are considered. Only 5 steps are required for 
finding the optimal solution with given accuracy 0.00 I. 

This model of network implements the rule 'k 
winners take all'. In the considered case k =1, the fifth 
neuron corresponding to the cheapest computer cost is the 
winner during the competition in a network. It means the 
fifth neuron has the highest activation level. 

4,5 
4 

3,5 
3 

2,5 
2 

1,5 

0,5 

0+-----.-----.---~.-----.-----~ 

-0,5 2 

-1 K - iteration number 

Figure 6: Minimization of the energy function E in 
HANN/F1/R with 5 neurons 
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4.5. Static neurones for resource constraints 

Resource constraints (6) and (7) are similar. Operational 
requirements (7) related to the access to computer 
components can be formulated as a reservation of another 
memory with the capacity equal to V units, if a computer 
has required component. If the task requires an access to 
the missing component, then the constraint (7) is not 
satisfied. 

Let R;, units of resource z, be reserved in 
computer n; assigned to the ith node. It can be evaluated, 
as follows: 

J V 
Rir(x) = Ldirxij- LCvrX~, i = 1,2, r = 1,R. (19) 

j=l v=l 

A penalty function is constructed, as below: 

A new case of neurones called constraint 

neurones Bir, i == 1, V, r = 1, R are introduced for 
controlling of decision neuron values during a neural 
network relaxation. The neuron Bir is responsible for 

V J 
satisfying the constraint L/vrX~ ~ Ld jrxij. Signals 

v=l J=I 

from decision neurones x~~(t), v =I, V are multiplied by 

synaptic weights w( x~, Bir) = -cv,. , v == 1, V . The neuron 

output x~ (t) is multiplied by -cvr and sent to an input of 

the neuron Bir . Similarly, the neuron output xij (t) is 

multiplied by djr and sent to an input of the neuron B;, . 
In this way, an activation level of the neuron B;, 
represents a temporary value R;,(t) of resource z, in the 
computer l!_j· assigned to the ith node. 

To obtain an activation function of constraint 

neurones, the partial derivatives oP,.·,(Rir(x)) are 
ox m 

calculated as below: 

oP,.,(R;,(x)) dP,.,.(R;,) 
----'~--"--'----'-'- = -Cvr , i == 1,2, r = 1, R 

ox"! dRir VI 

(21) 

(22) 

If we assume that 

neuron Bir represents value 

output of the constrained 

d.Pir(R;,), then its signal to 
dRir 

the neuron x::; is multiplied by the synaptic weight -cvr or 

its signal to the neuron xij is multiplied by the synaptic 

weight d Jr . An activation function of a constrained 
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neuron is shown in Figure 7. Different values of penalty 
coefficients j];, are presented. 

Figure 7: An activation function of a constrained neuron 

4.6. Network HANN/F2/R for cost 
minimisation 

If the cost criterion F2 is minimised subject to constraints 

I 
"x~ =1 v=IV· L.J VI , ' , 

i=l 
J 
~xij = I, i = I,I; 
J=l 
V J 

LCv,X~ ~ Ld;,xij, i = 1,1, r = 1,~ 
V=l J=l 

then the energy functions of neural networks designed for 
constraint satisfaction and for objective function 
minimisation can be aggregated in a global function as 
below: 

V V+/ 
E(x,f3)=F2(x)+ LfJvEv(x)+ L!JiEi(x)+ 

v=l i=V+l 
I R (23) 

+ LLPir~r(x), 
i=l r=l 

where 
fJ,., {J;, {J;,- positive penalty coefficients, 
Ev- an energy function of the network UHANN/1/I for 

I 
satisfYing the constraint LX vi = 1 

i=l 
Er- an energy function of the network UHANN/1/J for 

J 
satisfYing the constraint L xij = 1. 

J=l 

In Figure 8, synaptic connections from the neuron 
x;:; are presented in the network HANN!FiR. There are 

Volume 6, No.4 



two nodes, only. The neuron x:l has an external input fJ.,. 

The synaptic weight between neurons (x:l, x~) is equal 

to -2f3v. If more neurones are considered, then each pair of 
them has the same synaptic weight -2f3v. The above results 
are obtained from the network UHANN/1/I for 

I 
a satisfaction of the constraint ~:X vi = 1 . 

i==l 

The neuron x:; is connected to the neuron x:;2 
by a synaptic connection with the weight -Tvu . If tasks are 
allocated to different computers, then the synaptic weight 

between neurones (x:;,x;k) is equal to -<vu negative 
value of cost communication between them. The neuron 

x:l is connected to the neuron x~ by a synaptic 

connection with the weight -t .. 1 . If task m .. is assigned to 
the computer "J in the node wi, then the synaptic weight 

between neurones (x:;,xij) is equal to -t .. 1 negative value 

of execution cost of this task on an allocated computer. 
Above results are obtained by a comparison between an 
objective function and the energy function. 

Figure 8: Synaptic connections from the neuron x:l m 

the network HANN/F2/R 

The neuron x~; is connected to the static neurone 

eir by a synaptic connection with the weight -Cvr . If task 
mv is assigned to the node wi and the limit of the rth 
resource is exceeded, then signal value from the neuron 

(
.I V J ei,. is equal to A, ~d1,x;- ~c",X:: and it is 

multiplied by synaptic weight - cv,. Simulation results of 
network HANN/F2/R are given in [2, 3]. 
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5. Finding a Pareto-solution 
For finding the Pareto-suboptimal solution, the non-
negative convex combination method can be applied. The 
multiobjective optimisation problem [8] is transformed to 
the minimisation problem with one criterion, as follows: 

where 
N 
LAn =I, An~ 0, n =I, N. 
n==l 

(24) 

The energy function of the neural network 
PHANN is constructed for finding a Pareto solution as 
below: 

V 
E(x,2,f3) = AJ F1 (x) + 22F2 (x) + Lf3vEv(x) + 

v=l 
V +I 1 R . (25) 

+ Lf3iEi(x) + LLPirfir(x) 
i=V +1 i=l r=l 

If ..1 1=1 and ~=0, then the network PHANN 
becomes the network HANN/ F/R and the Pareto-
suboptimal solution can be obtained. This sort of the 
Pareto-optimal solution is called a hierarchical solution. In 
Figure 9, examples of PHANN simulations are presented 
for ..11=1 and ~=0. In the equilibrium point, an energy E of 
the PHANN has constant value and it cannot be 
minimised. Values of an objective function F 1 increase and 
decrease during state modi.fications. However, a trajectory 
of an objective function F 1 converges to an optimal value 
F 1* in the equilibrium point. Values of the energy function 
E, the objective function as well as the energy function for 
constraints are expressed as the real numbers. 
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Figure 9: Minimisation of energy function in the network 
PHANN with A. 1=1 
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An energy function £ 1 of the network 
UHANN/l/J is responsible for satisfying the constraint 

I LX1; = 1. In the equilibrium point, it converges to zero, 
i=l 

because above constraint is satisfied. The other constraints 
are satisfied, too. Penalty coefficients are found by 
systematically increasing about .1,8=0.05. Coefficients 
from non-satisfied constraints are taken in the equilibrium 
point. Initial values of penalty coefficients are equal to I. 

6. Numerical examples 
The following parameters of optimisation problem are 

No. a p, .82 .83 .o • .85 .86 Lmad 

1 lOO 2.55 2.45 2.25 2.25 7.35 7.30 298 

2 200 2.55 2.45 2.25 2.25 7.35 7.30 298 

3 300 2.65 2.45 2.35 2.35 7.35 7.30 284 

4 400 2.55 2.45 2.25 2.35 6.75 6.70 253 

Table. 11: Gain coefficients, penalty coefficients fi., ,8; and 
the trial number for the PHANN 

assumed: a task number of 4 (V=4), computer sorts of 2 .-------------------------
()=2), two computers (/=2), and three resources (R=3), 

Matrix of task execution times T is 1.4 8·9 , matrix of 
1.2 5.2 [

2.5 1.3 

2.2 1.1 

r ~o ~ : ~ 
0 0 0 

communication times T is matrix of 

requiTed resoU<ces C is [ ~ i J mattix of computer 

resources D IS , vector o computer costs K IS . [5 5 5] f . 
5 3 l 

[1, 2]. There are 12 decision variables for this test 
problem. The gain coefficient a is equal to 200, the 
passive coefficient~ is I, and an initial state vector u(t0) is 
[10"6

, 0, 10·6, 0, 10 , 0, 10·6, 0, 10"6
, 0, 10·6, ot New states 

of a network can be calculated by the differentiable 
equations (13) with a step length At=0.2. 

If there is A-1=1 and A-2=0, then the network 
PHANN minimises its energy function as it is shown in 
Figure 9. A Pareto-optimal solution 
x*=[O, 1, 1, 0, 0, 1, 0, 1, I, 0, 0, If is reached. It is 
a hierarchical solution for preferences function F 1 against 
F2• F 1(x*)=7.0 and F2(x*)=3. In solution x*, tasks m2 and 
m3 are assigned to the node w1. Tasks m 1 and m4 are 
assigned to the node w2. The computer Jr1 is located in the 
node w., and the computer Jr2 is located in the node w2• 

Penalty coefficients fi,, ,8; are found as follows [2.55, 2.45, 
2.25, 2.25, 7.35, 7.30]r . Coefficients ,8;, are elements of 

[
2.5 1.2 1.5] the matrix . 
1.5 1.3 1.1 

For finding above coefficients, 298 trials with the 
neural network have been performed. It is interesting that 
for the greater value of a gain coefficient, fewer trials Lmod 

are required. It is related to the other values of penalty 
coefficients. Some gain coefficients, penalty coefficients 
fi,., ,8; and the trial number are shown in the table 11. That is 
why, it is better to use greater value of gain coefficient. In 
each case, the same Pareto-optimal solution x* was found. 
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Figure 10: Results obtained by the PHANN for different 
values of parameter A-1 

8 

In Figure 10, results obtained by the PHANN 
model with A-1 E {0, 0.2, 0.4, 0.6, 0.8, 1} are presented. 
Pareto-optimal evaluations are y*(l) and y(0.2). The 
circles represent points close to the Pareto set in the 
objective set. We assume y=F(x). The point y(0.2) 
represents the evaluation obtained by the PHANN with 
A-1=0.2. For different values of parameter A-1 the other 
evaluations are reached. 

For A-1= 1, the point y*( l) represent the evaluation 
of a solution x* described in this section. For A- 1=0.2, the 
point y*(0.2) has coordinates (7.3; 2). A Pareto-optimal 
taskassignmentisx**=[l,O, 1,0,0, 1,0, l, 1,0, 1,0f.It 
is a hierarchical solution if function F2 is preferred against 
F 1• F 1(x**)=7.3 and F2(x**)=2. In the solution x**, tasks 
m1 and m2 are assigned to the node w 1• Tasks m3 and m4 are 
assigned to the node w2• The computers that are Jr1-class 
are located both in the node w1 and in the node w2. 

7. Concluding remarks 
In this paper, the · Hopfield model of artificial neural 
networks for finding some task allocations in multiple 
computer systems has been proposed. The cost of parallel 
program execution and also the cost of computers have 
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been minimised. Two separated models of neural 
networks for minimisation of the computer cost and the 
cost of parallel program completing have been given. 
Moreover, the PHANN model for fmding a Pareto-optimal 
solution has been considered. 

To satisfY constraints, two rules are applied. 
According to the first rule, synaptic weights and external 
inputs are determined by comparison between an energy 
function and the penalty function. In this way, a task 
assignment constraint and a computer assignment 
constraint are considered. According to the second rule, 
resource constraints are satisfied by additional neurons, 
which generate positive response if constraints are not 
satisfied. 

The cost of parallel program execution and the 
cost of computers are transformed into two energy 
functions. It permits obtaining synaptic weights and 
external inputs of two neural networks with the same set 
of decision neurons. These parameters are multiplied by 
non-negative convex combination coefficients, if 
Pareto-optimal task assignment is searched. The set of 
Pareto-optimal points can be determined by systematic 
changing combination coefficients for each run of neural 
network relaxation. We can use a family of neural 
networks like a PHANN with different values of 
combination coefficients. 

Our future works will focus on development the 
other partial criteria such as the load of a bottleneck 
computer or the probability of a task completion on time. 
Moreover, the other general approach to solve 
multiobjective optimisation problem can be considered, 
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Abstracts of Postgraduate Research Theses 

Doctor of Philosophy 
Robust Estimation of Structure from Motion in the Uncalibrated Case 
Anton van den Hengel, M.Comp.Sci, L.L.B.,B.Sc.(Ma.Sc.) 
Department of Computer Science, The University of Adelaide. 
Cooperative Research Centre for Sensor Signal and Information 
Processing 

A picture of a scene is a 2-dimensional representation of a 3-dimensional world. In 
the process of projecting the scene onto the 2-dimensional image plane, some of the 
information about the 3-dimensional scene is inevitably lost. Given a series of 
images of a scene, typically taken by a video camera, it is sometimes possible to 
recover some of this lost 3-dimensional information. Within the computer _vision 
literature this process is described as that of recovering structure from motion. If 
some of the information about the internal geometry of the camera is unknown, then 
the problem is described as that of recovering structure from motion in the 
uncalibrated case. It is this uncalibrated version of the problem that is the concern of 
this thesis. 

Optical flow represents the movement of points across the image plane over time. 
Previous work in the area of structure from motion has given rise to a so-called 
differential epipolar equation which describes the relationship between optical flow 
and the motion and internal parameters of the camera. This equation allows the 
calibration of a camera undergoing unknown motion and having an unknown, and 
possibly varying, focal length. Obtaining accurate estimates of the camera motion and 
internal parameters in the presence of noisy optical flow data is critical to the structure 
recovery process. 

We present and compare a variety of methods for estimating the coefficients of the 
differential epipolar equation. The goal of this process is to derive a tractable total 
least squares estimator of structure from motion robust to the presence of inaccuracies 
in the data. Methods are also presented for rectifying optical flow to a particular 
motion estimate, eliminating outliers from the data, and calculating the relative 
motion of a camera over an image sequence. The thesis thus explores the application 
of numerical and statistical techniques for estimation of structure from motion in the 
uncalibrated case. 
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Doctor of Philosophy 
Efficient Recursive Factorization Methods for Determining Structure 
from Motion 
YanhuaLi 
Department of Computer Science, The University of Adelaide. 
Cooperative Research Centre for Sensor Signal and Information 
Processing 

This thesis addresses the structure from motion (SFM) problem in computer vision. 
We study recursive algorithms for efficient shape and motion recovery at each frame 
of a sequence of images. In real-time applications where image data is extensive, 
efficiency of an SFM method becomes very important for estimating shape and 
motion at each frame. The proposed recursive method in this thesis improves the 
efficiency, both in computational cost and in storage, of a class of innovative SFM 
methods- the factorization methods (FMs). 

Our work in this thesis may be viewed as an extension of the original [71], the 
sequential [55] and the paraperspective [60] factorization methods. A critical aspect 
of these factorization approaches is the estimation of the shape space, and their 
computational complexity is dominated by their shape space computing algorithms. If 
P object feature points are tracked through a sequence of F frames, the shape space 
updating complexity at each frame is O(P) in the recursive least-squares (RLS) 
method proposed in this thesis, while that in the sequential FM is O(p2) . In contrast, 
the batch-mode original and paraperspective FMs, which are not intended to be used 
frame by frame, compute the shape space at a cost of O(Fp2) after all F frames are 
tracked. Further, the RLS shape space updating algorithm is an adaptive data driven 
algorithm. Hence it does not require storage of a large measurement or covariance 
matrix, while other FMs usually do. 

The proposed recursive method uses the general affine camera model, while the 
original and the sequential FMs assumed an orthographic model. Like the 
paraperspective FM, we give Euclidean shape and motion recovery from the estimated 
shape space under one of the three specific affine camera models- orthography, weak 
perspective and paraperspective, in order to apply the recursive method to a wider 
camera motion range. 

We also extend the recursive method to accommodate the situation in which some 
feature points are occluded or leave the field of view during the sequence. The 
extended recursive method still retains the low computational complexity O(P) and is 
simpler than the occlusion solutions proposed in other FMs. 

Experiments with real and synthetic image sequences confirm the recursive method's 
low computational complexity and good performance and indicate that it is well suited 
to real-time applications. 
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Doctor of Philosophy 
Pixels to Strokes to Digits 
PatrickHew 
Department of Mathematics and The Centre for Intelligent Information 
Processing Systems, The University of Western Australia. 

This thesis looks at the automated recognition of handwritten digits from pixel 
images. We pursue a structuraVsyntactic approach, accumulating low-level pixel data 
to high-level meaning - from pixels to strokes to digits. 

To establish the importance and difficulty of extracting the right image information, 
we consider the Zernike and Orthogonal Fourier-Mellin moments. These moments 
have some invariance with respect to translation, scale and rotation, and hence form 
an attractive feature set for recognition. However, orthogonal moments seek pre-
defined structure, rather than being driven by the data, and we find that Zemike-
Orthogonal Fourier-Mellin moments are overly sensitive to noise. We then present 
the Lim-Alder Algorithm for extracting extended edges from object boundaries. The 
Algorithm accumulates locally smooth pixel sequences into "natural" lines and curves, 
under a human-trained smoothness classifier. We find that this classifier captures four 
modes of curvature, with extended edges displaying wide variation in only two of 
these modes. 

Since the Lim-Alder Algorithm is based on local smoothness, it sometimes inserts 
breaks, at places where a human being would not choose to. To correct such breaks, 
we need to look at the pixel behaviour over wider scopes. We can get surprisingly far 
using simple vector models based on lines and arcs. 

We use the extended edges to extract strokes by detecting their correlation on opposite 
sides of a given pen trail. The strokes are obtained both as pixel images and as 
sequences of pixels recording traversal. We are able, in some cases, to deal with pen 
trail crossings, and we also show that we can extract strokes from multiple touching 
digits without explicit segmentation. 

The final stage is to process strokes from pixel sequences to vector paths. The paths 
are formed over a 3 by 3 grid oriented and sized to a single digit. While coarse, the 
stroke models allow us to relate the strokes to each other. Final recognition rates on a 
real-world data set ranged from 97 per cent down to 46 per cent, but little effort was 
spent on hand-optimization of parameters. 
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Doctor of Philosophy 
Intelligent Algorithms for Finding Curves and Surfaces in Real World 
Data 
Robert A. McLaughlin 
The Centre for Intelligent Information Processing Systems, 
The University of Western Australia. 

The quantity of raw data in real world applications is often sufficiently immense that it 
is unrealistic to expect a human operator to analyse it in any detail. Automating these 
tasks requires computer programs that can discriminate different structures in the data. 
This dissertation presents algorithms to detect such structures. 

Structures can often be modeled as curves or surfaces. Whilst globally complex, these 
curves and surfaces may be decomposed into simple local structures. 

The algorithms developed in this thesis will model simple local structures. · From 
these local structures, globally complex structures will be extracted. This process is 
explored within a logical framework referred to as the Up Write. 

Two real world problems were solved using the UpWrite: high voltage power lines 
were extracted from laser-scan data, and surfaces were extracted from mutliscale edge 
analyses of aeromagnetic geological data. In both cases, the structures were detected 
with a high accuracy in the presence of noise. The UpWrite is shown to be a robust 
algorithm under real world conditions. 

The UpWrite is also compared with major variants of the Hough transform for the 
detection of lines, circles and ellipses in images. The UpWrite is found to be more 
robust with non-ideal structures. For ideal structures and images with speckle noise, 
the results are found to depend on the complexity of the object being detected, with 
more complex objects favouring the Up Write. 
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